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PREFACE. 



The present work has grown out of an attempt, while giving 
my Cheltenham pupils the experimental details of elec- 
tricity, to impart at the same time to the more intelligent 
among them consistent though elementary ideas of the 
theory which underlies the experiments. At the instance 
of friends interested in scientific teaching, I undertook to 
prepare from the notes I had used for my class the work 
which now issues from the press. Among such friends I 
must specially refer to my former colleague, J. A. Fleming, 
Esq. B. Sc, who rendered me considerable assistance in 
arranging the plan of the earlier portions of the work. 

Geometrical as distinguished from analytical methods 
have been employed, and although a large proportion of 
the propositions involve the ideas of the Doctrine of Limits, 
the use of the notation of the Calculus has been avoided. 
A competent knowledge of Calculus is rare among school- 
boys, and experience as a teacher has shown that a geome- 
trical investigation often gives a grasp of the method where 
an analytical one would give only the result. • 

The foundation of the method employed is really the 
conception of Lines of Force, so largely used by Faraday 
in his researches as a means of exhibiting without mathe- 
matical symbols the quantitative relations of a field of 
force ; relations, which assume at once a numerical expres- 
sion by help of Prof. Stokes' beautiful theorem given in 
the 7th and 8th Vropositiom of the second C\iai^\.^x* 
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LINN.EUS GUMMING. 



I must take this opportunity of acknowledging the 4ebt 
I (in common with all modern students of electricity) 
owe to the writings of Sir W. Thomson, Prof. Clerk Maxwell, . 
and M. Wiedemann, which I have consulted at every step- 
In addition to these, I have derived profit from a large , j 
number of miscellaneous papers. References to results ob- 
tained from these may have through oversight been omitted, j 
and for such omissions I must crave indulgence. ji 

I have also to record my personal thanks to Rev. T. N. ] 
Hutchinson of Rugby, and to W. J. Lewis, Esq. of the '] 
British Museum, who have read through the whole work in . 
course of preparation, and have afforded me throughout 
many valuable suggestions and criticisms. 

My special thanks are also due to my friend and former 
pupil, H. W. Reynolds, Esq., I.C.S., who has devoted a large 
amount of valuable time to correcting with me the proofs and 
testing the examples. I owe largely to his care and accuracy 
such measure of freedom as I may enjoy from typographical 
and other errors. I can hardly hope to have escaped from 
such accidents entirely, and shall be thankful to students 
who will send me a note of any which occur in the course of 
their reading. 
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CHAPTER I. 



PHYSICAL UNITS. 



1. The measurement of all physical quantities depends 
fultimately on the units of space, time, and mass. 

In England the units are generally the foot, second, and 
\fOund; but we shall adopt the centimetre, gramme, and 
•econd (c. G. s.) system, which is now almost universally 
[used for scientific purposes. 

2. Def. I. Velocity is the rate of motion of a body, and 
if uniform is measured by the number of centimetres parsed 
over per second ; if variable it is measured, at any instant, 
by the nwmher of centimetres which would be passed over per 
second supposing the velocity uniform during that second, and 
of the same value as at the instant under consideration. 

3. It will be seen from the above definition, that ve- 
locity is a property of a body at any given instant, and not 
necessarily the same during a finite interval. Thus when 
we speak of a train going thirty miles an hour, we do not 
mean to say that it has gone thirty miles in the past hour, 
or that it wiU go thirty miles in the next hour ; but that 
lapposing the velocity to remain uniform, it would go thirty 
tnues during that time. 

4. The unit of velocity is the velocity of a body which 
goes over one centimetre per second. 

K a body moving uniformly with velocity v pass over 
a space s in time t, the relation between these quantities 
18 clearly expressed by the formula 

8 = vt 1^, 



5. Def. II. Acceleration is the rate of change i^H 

city, and is measured, when uniform, by tlie number <^r^M 
of velocity added on to a body's motion per second. |H 
variable it is measured at any instant by the number of |fl 
of velocity which would be added on per second, supposit^m 
acceleration constant, and of the same value as attke tTn 
under consideration. J 

6. Like velocity, acceleration is a property of a bodn 
a particular instant, not necessarily continuing the m 
through a finite interval. It ia the measure of the bQfl 
quickening at that instant. J| 

7. The unit of acceleration is the acceleration g| 
body whose velocity increases by a unit of velocit^^l 
second. K a body be looving under a uniform accele^H 
f through a time t, and if K be the initial Telocity,'^| 
the velocity at the end of the time t, then ^M 

v=v+ft .m 

The best illustration of a uniform acceleration, ^H 
motion of a body near the earth's surface. In this <^| 
ia proved by experiment that the acceleration due t^| 
earth is represented numerically by 981 (at Paris), ^| 
a body falling to the earth has its velocity increasecjiH 
second by 981 centimetres per second. This does tiot!^| 
that the body describes 931 centimetres in the sectnfl 
even describes 981 centimetres less in one second tb^l 
the next, but that if, for instance, the body is projfS 
downwards with a velocity of 100 centimetres per se^ 
it will have at the end of the first second a velocity of SB 
centimetres per second, at the end of the second secon^ 
velocity will be 2062 centimetres per second, and SM 
during each second of the motion. J 

Retardation is treated as negative acceleration. !^3 
instance a body be projected upwards, its velocity is dn 
nished by 981 cm. per second each second, and gen^flj 
if/ represent the retardation, our formula (ii) becomes J 

»=»"-/< m 

If the resulting velocity should be negative it will jj 
note that the body is moving with a certain velocity iit^ 
direction opposite to that of projection. _■ 



PHYSICAL ujnxs. 3- 

8. To fiod the space described during a given time t 
a body moving with uniform acceleration, we may con- 
er that since the acceleration is uniform, the average 
ociiy during the interval will be the same as the velocity 
the middle of the interval, and this will clearly be V+ \ft. 
le apace described will be the same as that due to this 
locity during the time (. Hence, by formula (i), 

-rt + i/f (iii), 

if the acceleration is negative, 

B=Vt-^/t- (iii)'. 

Combining (ii) and (iii) by algebra, we have from (ii) 

= V' + 2fiVt + lfn, 

■m (iU) = F' + 2/s Ci"). 

Similarly, from (ii)' and (iii)', 

t,'=F'-2/s (iv)'. 

9. Tlie space described may also be illustrated graphi- 
ly by a method which will be of frequent use. 




' itr ' 



Set off along u horizontal line AB equal lengths -^i^^^l 
be, &c., representing short intervab into which the 1^^^| 
time AB of the motion of the body can be divided, l^^H 
at A, a, b, &c. etraigbt lines (called ordinates) perpendlt^^H 
to AB, and of such lengths as to represent on a certain .4^^H 
the velocities of the body at the end of each intervaL ^^^| 
these Uneabe^^j, aa,, bb^.—pp , q^^.rr, ...SB,, tfaen^^^H 
ing a system of ccmplete parallelograms p,^, , g^r^, r^s^ "f^^^l 
the space described during the small interval of time;^^^^| 
be represented numerically by something between pqj^^^^ 
and j>q X qq^, or by some area between p^q and p^q i^^^H 
??i represents the velocity at the beginning of the uih^^H 
and pp, the velocity at the end. The whole space descnMH 
will be intermediate between the eum of all the parallo^S 
grams pji, q^r, r^s, &c,, and the sum of all the parallelogra9S» 
Pi3' ffi*"' ''i*' '^^- '^^^ difference of these two sums is cloatlj^l 
a parallelogram whose height is BB^ and base one of tho] 
intervals pq, and therefore equals BB^ xpg, and if UttM 
intervals are sufficiently small this difference is indefinitely^ 
small, and each of the sums becomes the same as the who&l 
area A^ABB^, and tlus therefore will represent the whol^l 
space described. Since the acceleration is unifonn, the ui7a 
crements of velocity are the same for the same incrementafl 
of time, and consequently by Euc. Vi. Prop. ii. the line .A^i I 
is a straight line, also.A^,= V, sjid £B^^V+ ft, and J5=^ 
Hence the area of the trapezium _JB 

= i{AA^ + B£,)AB JH 

= hiV+V+ft)t ■ 

which agrees with our formula (iii). ^^^M 

It must be carefully noted that the area A^ABB^ Hsf^^^ 
actual relation to the space described beyond the nufQ^^^| 
one here represented. Thus if seconds be representejJ^^H 
centimetres along AS, and units of velocity by centiniM^H 
perpendicular to AB, then the number of square centhim^^l 
enclosed by the lines AA^, 55,, AB, A^B represents n^^^l 
rically the number of units of space jmssed over by tb^-H^H 
in the time AB. ^^^M 



PHYSICAL UNITS. 5 

f When in future we make use of this graphical repre- 

r KDtation of a formula, we shall indicate its construction by 
' nying that abscissce, or distances set off along a horizontal 
line such as AB, are to be taken to represent the number of 
units in one magnitude, and ordinates or lines perpendicular, 
to represent some other co-related magnitude ; and from the 
nature of the figure so formed, we shall deduce by geometry 
various relations. 

10. Def. III. Density. Matter is that in virtue of which 
and through which all forces act, and is itself as incapable 
of definition cw spa^ and time. We however require a formula 
to express the amount of matter in any given volume. This 
depends on the substance, and the density of a given substance 
is deAned a^s the amount of matter in a unit of volu/me. 

Hence if ikf is the amount of matter in a body, D the 
density, and Fthe volume, 

M = DV (v). 

J/ is generally called the mass of the body. 

11. Our unit of mass is arbitrary, and can be most con- 
veniently expressed as the unit volume of some standard 
substance. The unit of volume must be the cube of the 
linear unit, viz. a cubic centimetre. The standard substance 
is water at its maximum density, i.e. at a temperature of 
•i-* Cent. The unit of mass will thus be a cubic centimetre 
of distilled water at 4^ Cent. This mass is called the gramme, 
and is the basis of the decimal system of weights. 

When we speak of a particle of matter, we mean a mass 
of matter which can be acted on by forces, but which in its 
geometrical relations can be treated as a point. 

12. Def. IV. Force is defined a^s that which changes 
or tends to change a bodys state of rest or mx)tion, and a/ny 
given Force may be measured by the acceleration it imparts 
to a gramme. 

Thus a unit force is that which imparts to a gramme a 
unit acceleration, and is called a dyne, 

13. The science of Physics is founded upon certain ex- 
perimental truths, which were first given concisely by Newton. 
They are called tlie Laws of. Motion. 



6. PHYSICAL UNITS. 

14i. Law I. Hvery body if at rest, remahis at rest; and 
if in viotion, moves uniformiy m a straight line utdeas acted 
iipon by some extraneous force. 

This is often called the law of Inertia of Matter, ex-, 
pressing that matter has no tendency to move without the 
application of force. It is impossible to establish it experi- 
mentally, as every body in the universe is moving, and sub- 
ject to a great complexity of forces. We may, however, 
establish relative rest, as of a body resting on a horizontal 
plane, and we moreover observe not only that it never sets 
itself in motion, but that when the body is started the 
smoother the plane the more slowly is the velocity di- 
minished. 

15. Law IL If any number of forces act on a body (A 
fest, or in motion, ea^h force produces its ovm effect, bcA 
in magnitude and direction, independently of the existifig. 
motion. 

This is shown experimentally by dropping a stone from 
the mast-head of a ship which is moving uniformly. The i 
stone is found to fall at the foot of the mast, both in the \ 
same time, and in the same position, as if the ship had been \ 
at rest ; the pull of gravity on the stone not being inter- 
fered with by its own uniform horizontal motion, which was 
necessarily that of the ship at the moment it was dropped. 

16. This law leads to some important results : 

(i) We can prove that if any statical force acts on a . 
body, the measure of the force will be the product of the 
mass moved into the acceleration under which it is moving. 
If one unit of force act on a gramme, and if another unit of 
force act upon it in the same direction, each (by the second 
law of motion) produces it own effect, and the acceleration is 
two units. Similarly, if there be three units of force, the 
acceleration will be three units, and so on. 

Hence if/ units of force act, there will be an acceleration 
f imparted to the gramme. Again, conceive a mass of ^ 
grammes. Let it be cut up into m separate masses each o* 
one gramme, and let / units of force be applied to each of 
them. They will move on side by side, each having / units 



Wuceleratioa. Let them be now joined so as to form one | 

The whole force acting on it now, is wi^ units of force, 
Ud the acceleration produced in the mass m is _^ In other 
wads, the measure of Force is the product of the mass moved 
tola Uie acceleration impressed on it, or, as it iu usually 



Fig, 2. (ii) Parallelogram of Velocities*. Ifj 

a particle of matter placed at A mo' 
with a uniform velocity along AB, i 
that in one second it reaches £, AB 
is its velocity; if similarly it mor» 
with a velocity A C from A along A 0^ 
it will be at C at the end of ooe'j 
But if these independent velocities were impreased.'J 
lultaoeously, by the second law of motion it would be i 
'im same place at the end of one second, as if it had first I 
Hallowed to move for one second along AB, and then for' I 
i second along BB parallel and equal to AC. But this"] 
nld land it at D, where D is the opposite extremity of the'] 
meter of a parallelogram of which AB, A C are adjacent.! 



E consider the position of the particle at any time^ 
B BecoDd, the paths described in directions AB and j 
be proportional to AB and AG, and by similar trt- 1 
fi particle will be on AJ). Hence the particle hsa'm 
mAto I) along AB in one second, and AD there-l 
aents the velocity of tho particle in magnitude andd 
jonder the combined eifect of the two movements. 
I hereafter allude to this method of obtainioj 



^lie objeatod that tho Faralleloi^am oF velocitiDs follows from fl 
ft Telocity, andia not of thenatnxe ofapAysicoilaiB. This is tn 
r it Bs pTeEeoting only a mental image of the movement of KM 
'i beoomee a, pbyeicul law bo soon as wo assame that a body nilliB 
' xritasB imprcBsed upon it at tke same time, and the resnlt <^M 
1 Tolooities aan ouly be aBtertained by direct experiment. J 
it ie implicitly icTolved in the statement of the second Lww'^ 
in rirtae of it the Parallelogram law risea from. & goomfiW 
% ontoml law. 



the joint effect of two separate effects as the Pai'allelctjraM 
Lam. 

(iii) FaraUelogram of Forces. Next let AB, A C repre- 
sent two accelerations impressed simultaoeouslj on a bod}. 
Then AB represents the velocity which the body would bati 
added to it in one second supposing the acceleration A 
alone to act. Similarly A represents the velocity ad<fi 
Tinder the acceleration ^C alone. And since we may' 
pound velocities by the Paxallclc^am law, it is clear 
AB represents in magnitude and dii'ection the joint e£fet( 
of the two accelerations acting simultaneously. 

This joint effect of two or more accelerations or velocitid 
is often called the Resultant acceleration or velocity, and Qifl 
two or more separate velocities or accelerations are called fltt 
Components. In the above cases AB is the resultant veloci^ 
or acceleration of the two component velocities or accelss* 
tions AB, AG. 

Since for a given mass the force moving it is propffl* 
tional to the acceleration imparted to it, the parallelogruB 
law will hold good for combining forces just as for aooC? 
lerations. 

17. Thus we see that accelerations and forces can 
compounded two and two by drawing the diagonals of 1 
parallelograms of which they are adjacent aides : also ac 
lerations or forces can be resolved in any two directiMiBl8 
drawing lines parallol to these directions through the G3" 
tremities of a line representing the acceleration or velocity. 

Thus, suppose an acceleration or force B to act alcuBjj 
AB (fig. 3), and we require to 
resolve it along AB, AC, if we 
Bet off any length AB, and com- 
plete the parallelogram ABGB, 
then it is clear that AB, AG bear 
the same numerical relation to 
the components that AB does 
to E. Hence the components are 
AB 



- j-ij B. along AB = X, suppose. 



J 
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ad -j^JS along -4(7= F, 

►r -Tjy B along J.(7= F; 

where ABD is a triangle whose sides are proportional to 
the acceleration or force and its components. Similarly, 
if we draw any other triangle whose sides are parallel to 
AD, AB, AC, the acceleration and its components will be 
proportional to its sides also. 

K AB, AG be at right angles to each other, and a the 
angle between AD and AB, 

Y 
X= R cosa, Y^B sina, -^ = tana (vi). 

18. Of the nature of Force are all weights, pressures, 
tensions of strings, attractions and repulsions between bodies. 

It will be convenient to express the unit Force in terms 
of our standard weight. That taken as the ordinary standard 
is the weight of a gramme at the sea-level in the latitude 
of Paris. Now it is known by experiment that in this 
latitude the acceleration of a falling body is 981. Hence 
the unit of weight is a gramme under 981 units of accelera- 
tion. Therefore a unit of Force = ^^ of the weight of a 

giamme. 

In future weights will be measured in grammes and con- 
verted into absolute units of force by multiplication by 981. 
If a weight be given as w grammes the measure of it in 
units of force is 981«r. 

19. Law III. To every action there is an equal and 
opposite reaction, whether the bodies so acting and reacting 
fe at rest or in motion. 

This expresses the fact that when a body is pressed, it 
presses back with an equal force. 

If for example I press my finger on the table, the table 
presses my finger back with the same force m\Xi ^\i\Oii 



I press the table. If a horse tow a boat along a canal tix 

liorse is dragged back with esactlj the force it uses to diaj 
the boat forward. 

20. Def. v. Momentum or Quantity of Motion is d 
fined as tlie product of mass into velocity. 

Since acceleration is the rate of change of velocity, itj 
clear (Art. 16) that Force may he defined as the rate of chaiif 
-of momentum. By the third law of motion, when boilies w 
on each other, action and reaction are equal and oppositi 
or in other words, at every instant the rates of change < 
momenta are equal and opposite ; and since the time fro 
the beginning of the action is the same for both, the whfil 
change of momentum during the action is the same £ 
both ; but the directions are opposite, bo that the momentui 
gained by one equals that lost by the other. 

Since momentum for a given mass is proportional ( 
velocity, the parallelogram law holds for momenta as well I 
for velocities. We have then proved the parallelogram It 
in the case of velocities, accelerations, forces, and momenta. 

21. Def. VI. Moment of a Force. The moment of 
force about a given point is defined as the product of the fore 
into the perpendicular froin tiie given point on to the line e 
action of the force. 

The moment of a force thus defined measures the t' 
ency of a force to turn a body about a given point as i 
And it is obvious that when the forces on a body balani 
each other, the sum of the tendencies of all forces whic 
twist it in one direction, must exactly balance the tendenraes 
of all forces twisting it in the opposite direction, 

22. Def. VII. Couple. Two forces which are (^ 
in magnitude and parallel, acting in opposite directions, I 
not in the same straight line, are termed a couple. 

It is clear that, if we take any point (fig. 4) in the plan] 
of the forces, and from it draw a perpendicidar Oab to ttfr 
two forces, the difference between their moments about it 
always P.0b-r.0a=P .ah. Thus either force multiplied 
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y the perpendicular distance be- Yig. 4. 

i^een the forces is called the mo- 
lent of the couple, and measures 
he tendency of the couple to 
wist the body round. 

From this it follows, that no 
angle force can balance a couple. 
For if possible suppose it to be 
Dalanced by any force. Then 
diooeing a point in the line of 
the force, its moment about 
vanishes, and there remains the 
moment P. ab unbalanced. 

23. Def. VIII. Work may be defined as resistance 
overcome through space. 

Thus if a body be carried from one position to another 
against an accelerating force, such as a weight raised, a certain 
amount of muscular or other power must be expended. This 
Work is measured, when the acceleration is uniform, by the 
mass moved into the acceleration against which it is moved 
into the space through which it is moved. If W be the 
work expended in moving a mass m, against an acceleration/, 
through a space s, we have 

W = mjs (viii). 

The unit of work will be done in moving a gramme 
through a centimetre against a unit of acceleration, and is 
called an erg. The ordinary English unit of work is the 
Foot-pound, being the work done in raising a pound through 
(foot 

lia^ of work is the number of ergs done per second by 
my machine. 

The English standard of working power is usually called 
he " horse-power," and is defined as 33000 foot-pounds per 
Qinut«. 

To convert this into ergs we have only to remember that 

1 centimetre = '3937079 inch, 
1 gramme = 15*43235 grains. 
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Hence 1 foot = ^^^^ cms.. 

1 lb. Avoirdupois = 7000 grains Troy, 

7000 
= 15^43233 ^"''^ 

„..,,. , 12 X 7000 

Therefore 1 foot-pound = 15.^3235 ^ .m 7m '"^-^ 

which, remembering that gravity = 981 units of accelei 
becomes 

12 X 7000 X 981 

~ 15-43235 X -3937079 ^^' 
Therefore one horse-power 

= 33000 foot-pounds per 1', 
33000 



60 



foot-pounds per 1", 



_ 33000 X 12 X 7000 x 981 

~ 60 X 15-43235 x -3937079 ^""^ ^'^ ' 

= 74C0 million ergs per 1" nearly. 



Note. If a body be under several different acceler 
in the same direction, the work done against all will ( 
be the sum of the work done against each separately th 
the same space. For if the separate accelerations in dir 
of motion be^,^, /g, ..., the work done against th 
moving a mass m through a space s, 

= mf^s + mf^s + mf^8 + . . . 

= sum of work done against each acceleratioi 
separately. 

24. Def. IX. Kinetic Energy or Vis Viva 18 c 
as half the product of the mass into the square of the v 
of a body. 

The importance of this quantity depends on the fac 
when a body is in motion, the change in vis viva is i 
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al to the work done. We have already proved in formula 
Art. 8, that when a particle is moving with a uniform 
eleration /, 

the mass be m, 

mi^ — m F* = 2m/s ; 
Brefore Jwiv' — |m F* = mjh. 

Here the left-hand side of the equation represents the 
ange in the vis viva of the body, and the right-hand side 
le work done in transferring the body from one position to 
ke other. 

This is proved above only for a uniform acceleration, but 
' the acceleration is not uniform we may divide the whole 
ime of the body's motion into very short intervals, during 
ach of which the acceleration may be considered constant, 
flid then the sum of all the changes in vis viva will be equal 
» the sum of all the work done on the body during each 
rf these intervals. It follows therefore that for all accelera- 
tions the change in vis viva is equal to the work done on 
a body in passing from one position to another. 

The same will hold good for any system of particles 
whatever, since the whole vis viva of the system is the sum 
rf the vis viva of each particle, and the whole work done 
Ml the system is the sum of all the work done on each 
particle. 

25. The vis viva measures the power of a body to do 
work or overcome resistance. This is practically found to 
be the case, e. g. a bullet which with a certain velocity pierces 
'ine plank, will with double that velocity pierce four planks 
of the same thickness. 

26. If we cause by any means a body to move against 
the a<^ion of a force, work is said to be done upon it, or 
(igainst the farce. 

If a body moving under the action of a force overcomes 
resistance it is said to do work. 

27. Def. X. Energy is defined to he capacity for doing 
work. 

In Article 24 it was proved that when wotk \s dcae on 
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a body, vis viva is produced in the body, and the amount of j 
work done is numericaHy equal to the amount of vis viwi 
produced. If on the other hand the vis viva of a body iij 
diminished, either work is done by it, or else the body gains 
a position in which it has advantage relatively to work, ihit 
is, in which it has a latent capacity for doing work. It has 
then energy stored* up in it. This energy is called Potential' 
Energy. When a body is brought under the action of any 
forces they are said to do work on the body. This work may 
either cause it to do work on other bodies, or it may lie 
converted into the equivalent vis viva. 

Energy is therefore of two kinds, 

(i) Kinetic or Actual, when the body is in absolute. 
motion. 

(ii) Potential or Latent, when the body, in virtue of 
work done upon it occupies a position of advantage, so that 
the work can be at any time recovered, by the return of 
the body to its old position. 

Thus, for example, if I carry a ball to the top of a 
house I do work upon the ball and give the ball a store 
of potential energy. If the ball now fall do^vn, as long aa 
it is falling its potential energy is being converted into vis 
viva, and its vis viva on reaching the ground is exactly the 
numerical equivalent of the work done in carrying it up. 
We may now conceive the ball as striking the end of a lever, 
and being brought gradually to rest. If this lever be in 
connection with a frictionless crane it would be found that 
the crane would just raise a weight as heavy as the ball to 
the height from which the ball had fallen, before its energy 
was destroyed. 

In the first part of the process the ball would be having J 
work done upon it, and in the second it would be doing 
work. 

28. In the case of a pendulum the same principle, 
holds good. The original impact by which the penduloin 
is started communicates to it vis viva, and the bob comes 
to rest when the potential energy due to its rise is equt 
valent to the vis viva imparted. 



I 
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Fig. 5. 



Thus, if a pendulum bob of mass m be started with a 
is viva JmF' at A, and if on reaching B 
lie velocity is destroyed, then, if through 
I a line BN be drawn horizontally, the 
lob has been lifted through AN^ 

.-. fnffAN=^mV\ 

where g denotes the acceleration due to 
bhe attraction of the earth on the bob. 

But ^iV=?(l-cos^) 



whjBre 



I = length of pendulum ; 
.-. mg2l sin' « ~ ^^ ^* ' 
.-. 7« = 4dg sin* ^ ; 



B 








F= sin ^ V4/gr, 



e 



fi»F= m ^fUg sin o 

Hence with a given pendulum the momentum at starting 
is proportional to the sine of \ of the whole angle of swing, 
or to the chord of half the arc of swing. 

But mV measures the blow by which the pendulum was 
•hrted. Hence in any case of an instantaneous force ap- 
plied to a pendulum, we shall assume the blow is proportional 
to the sine of half the angle of deflection. This is called the 
pnnciple of the ballistic pendulum. 

The same principle will apply further on to a magnet 
•winging in a uniform field. 

29. The principle illustrated in the two last Articles, 
tkat work can only be done at the expense of energy, is of 
universal application, and will be used largely in application 
to Electricity. It is known as the principle of * Conservation 
of Energy'. 
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Examples on Chap. T. 
The following relations may be assumed : 

1 metre=39*3708 inches. 

1 ponnd avoirdapois^ 453*59 grammes. 

1 cubic foot of water weighs 1000 oz. 

The acceleration of graTity = 82*2 when ft. and sec. are fondame 
nnits. 

The abbreviation cm. is used for centimetre. 

gm gramme. 

sec second. 

sq square. 

cub cubic. 

den density. 

1. How many centimetres are there in a foot ? H 
many sq. cm. are there in a sq. foot ? How many cub. < 
are there in a cub. foot ? Ans. 30'4794j : 929 : 283 

2. Express in metrical units the velocity of sound wh 
travels 1100 feet per sec. Ans, 33527*7 cm. per g 

3. How many yards per minute and miles per hour ; 
described by a body which travels at the rate of 1000 ( 
per sec. ? Ans. 65618 : 22-i 

4. The acceleration of gravity is measured by 981 
the metrical system. Find its numerical value when fi 
and seconds are employed as fundamental units. Ans. Si 

5. A stone is allowed to fall from a cliff: with wl 
velocity is it moving at the end of the fourth second ? 

6. A cannon-ball is shot vertically upwards and ascei 
for five seconds, then returning back again. 

(i) With what velocity was it projected ? 

(ii) What height did it reach ? 

(iii) What time elapses between leaving the gun a 
returning to earth ? y- 

(iv) If it was caught at the instant of turning a 
hurled down with a velocity of 1000 feet per second, wl 
would be its velocity on reaching the grouud? 

(v) In the last case how long would it take during 
fall? Ans. ^ 
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The Moon's distance is 60 times the Earth's radius, 
igh what distance does the Earth pull the Moon ev6ry 
be ? Assuming that the Moon moves in a circle, and 
the radius of the Earth is 4000 miles, calculate the 
1 of the lunar month. Ans, 16*1 ft.; 27*3. days. 

A person drops a stone down a well, and hears the 
I after 2*86 sec. Find the depth of the well, making 
mce for the time taken by the sound in coming up 
ix. 2). Am. 121 feet, 

A balloon ascends vertically and uniformly for 4*5 
ind a stone is then let fall which takes seven sec. to 
the ground. Find the velocity of the balloon and its 
t when the stone was dropped. 

Ans. 68 ft. per see. ; 306 ft. 

). A stone after falling for one sec. strikes a pane of 
and loses half its velocity. How far will it fall in the 
second ? Ans, 32 ft. 

I* What is the volume in cub. cms. of 1*5 kilogms. of 
Bvhose density is 7*25 ? Ans. 206*9. 

2. What is the weight in grammes of 10,000 cub, cms. 
i-water whose density is 1028 ? 

3. Two forces whose magnitudes are in the ratio of 
4 act at right angles to each other ; what is the magni- 
of their resultant ? 

4. Two equal forces have a resultant also equal to 
ir of them ; at what angle are the two components 

g? 

5. It is required to substitute for a given vertical force 
forces, one horizontal and the other inclined at an angle 
)" to the vertical. Find the ratio of the two components 
le original force. 

16. If a body is falling down an inclined plane, show 
to compute the part of gravity which is acting upon it 
le direction of motion, 

17. A body is falling down an inclined plane without 
ion, the angle of elevation of the plane being 30*. Find 
space it will pass once in the two first seconds from 



V I 



1& Tvo wd^ls sre atxad^ed %o the ends erf' a st 
witLont ve^bt, aod are dcmg oxer a ODoatk pulley. * 
an erpreaaon fin- the accel^iaikHi acting on the s jste 
it is fi^e to moTe. 



19. If the weights in the preceding question be 20 
10 gmsu, how many cms. will the laiger weight have f: 
from rest at the end of 3 sees. ? Ans, 14' 

20. IDastrate the meaning of the term work by gi 
a list of examples of cases in which work is done on a I 
and also a list of cases in which work is done bv a body. 

21. Discuss the principle of conservation of enei^ 
applied (i) in the case of two bodies moving ^dth mi 
friction ; (ii) in the case of impact between two bodies. 

22. Show how the son^s energy is employed to { 
com, (i) by means of a wind-mill ; ^i) by means of a w 
milL 

23. Two balls Jf, if, moving in the same line with 

cities Fand V, impinge. Show that there will be a Ic 

energy during the impact unless the whole momentun 

2MJf 
changed be equal to j^^-^ ( V— V). 

24. Show that the energy stored up in a reserve 
water standing on the ground is measured by half the 
duct of its depth into its weight. 

25. Show that if an additional quantity of water 
be added to the reservoir, it will be immaterial whetl 
is raised up and poured in from above or forced in ai 
bottom. 

26. Show also from the principle of conservatio 
energy, that if an orifice be made in the bottom of 
reservoir and the water escape without friction, the vel 
of the issuing stream will be that due to a fall under gr 
from a height equal to the depth of the water. 

27. In ques. 26 what would be the velocity if the ^ 
were filled with mercury whose density is 13 times th 
water ? 



11^ 

Ckmxpasns i^ aacBKenxb fz: is cBmoL asL cr OyOlst 
g at t^ xaxe of 2Mi ieei ^btt seDiHid.aiic ibst of at^ 



yd tnaii in im^ TiPHnwrng coHfEiiaL 

* 

A 'bkn^ ic WDBC aFegriang: lati ^svi jf^t ^ <b:. it s»- 
i br a sSsJD^ aoiL m sttmss: jivnamuiis} ir i. xjuliet 

I six ^^w^»«^^ faimqnj^ Ik t^smxsxt ke luf: iosiktr it jfaf«^ 
rates tio^^e Tntaig- inxt & iis^t liii^SL cc ^wfL [jtyfouat^ 

ty, peoeizafi^ ^ ante 1± jicks: lESH^tm^ jiii4. ii^ attois; 
of tiinbez:. 

!. A buBsE ip^^giihg ^H ^Tsasxm^ ^ad. nar/jk^ -rnsin. 
Kdty of ^M ii^3Hi( iisr lesoiiL ysu^i::ui^ 4 ^sai, jux^^ 
ck of trnittsi "sui: acss. if ^egiz^iML i^sa^ i iru fam 
are the leiaz^asaiiL ac :^ InuKr i«r «l ^ao^ t^^rtt ia^ 
jratioB of gxaxiiT. ^£j« :J7ki im. :^ ips^js 

I. Imd tbr JnTfqgg ^sbec^t' if 2. rm^ -ru<*ii UMi.^ t» 
number of rs-ricxcaiiift iisr i^^^siui rrvuui i» ssjt^ ^^aii- 
LTOugh its oacSR: aaii ysynffirTiiar -H j;» ^«ftaK; 

3t a be the raiiaa aaui » lae ^isi* ic :^ r.11/3:: itorv V^t 
ke n reTolotkas per jeeoiuL 

ich particle rf mg deaorbea in» *ai. «r •iJi. 

and m*wn af ring :» ak 

snce kinetic enagf^Jjt- ^anw * 
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36. Find the kinetic energy of a solid disc revolvii 
about an axis through its centre making n revolutions 
second. 

The disc may be regarded as made up of a series 
narrow rings. If be the centre, and OPQ be dm 
through one of the rings, the mass of the ring = 29rp.0P.. 
where p is the mass per unit of area. 

Hence energy of ring = SttW 0P\ {2irp . OP. PQ) 

^^ir'pn\OP'.PQ 
= ir^pr^AOP^{OQ-OP) • 

= 7r>* (0 ^ - 0P% see Art Sl*^ 
whence adding all the successive elements, 

kinetic energy of disc = ii^pn^a* = mass x ir^nV. 



'n 
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30. LauF of IwKrm Sqmarm. £c » ftnzut aj ^ggigfTmiffic 
d obseTvataon that betweea ev^cy' vmn ^mc^tsest ic 3iaiSi»r 

the universe ibete ezi^s sa aqrirtaiiv irOKk ii^Mriitt^ 
ly on the maases of Ae piKt^eies and 'HL -^tti*^ 'tag:ia&!Kr 
^tween them. As tbe (iwteaiiy^ nuseaKs. t;;^ 5iiR^ if ^snx^^ 
on diminishes acctHdm^ to & Issr (stSed liiB jasw 'st jv^if^mtt 
^uares. Thus if the ifatanrg- he dimbied, "ke: &CRe i^ 

iuced in the ratio 1 to 4^ or ^; tf de cLiffi2Bu% k 

Ihe force is only c«ie mnth ^h' ^ of ici izus«a£ Tsbnn^ i^sui «v 

^. This is expressed ly aoEwiag dat tf^ t^ m^HRftft 4W^ m 
nd m', and the distance r, the Ssmat «€ sxxaiexitjtL s»^9^«t 

bem is —-^ . Thus the aecelaatkft prs^icastii &r » Mb 

r particle at a distance r is -^. We dall vs^r iirreK^Mue 
Dro very important cases of attactioa tataimg ^zsuier dtk k»r. 



3L Prop. L To ibid tke attsraduB «r a ttia dkodar ffete 

ta partide placed m a lae ffiyika br to it fiirnmi Itf 
tre. 

Let us sappose the plate divided utto TetyBarrw^eueidar 
bgSy drawn about its centre A (%. 6), aod let PQ be a 
^pe of such rings. We shall ccmsider the attra/^Iofi of 
fetch ring separately, and add them together to fiod that 
if the whole plate. Let O be the point. ^^^^ vjUmid- 

tose a unit of mass (gramme) % Tm 

Iteuhant attractioitwiU be b" IImSiX 
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therefore resolve each force along 
that line, and add together the 
resolved parts so ohtained. 

Now all parts of each ring will 
be at the same angular distance 
from OA and will also be at the 
same distance from 0. Let the 
radius AB cut one ring as at P 
and Q, where P, Q are points on 
its inner and outer edge respectively. Join OB, Q, 01 

If we take an element of the ring of mass m, its att 
tion lies between -prj^ and -tv-^ , which it would be were 
mass collected at P or ^ respectively. We shall ass 

the attraction to he -fTpTii)* -^S*"^ ^^ direction of 

resultant attraction will lie between OP and OQ. We s 
asswme it to he towards a point B in PQ such that 

OR=:HOP+OQ). 
Thus the attraction of the element on the gramme at 

. cos BOA = 



" OP. OQ •--"-•--- OP. OQ'OB' 

Adding together all the elements of the ring, the attrac 
of the ring 

_ mass of ring OA 
OP.OQ 'OB' 

But the mass of the ring (p being the mass of a i 
of area) 

= 7rp(^Q'-^P») 
^nrpipQ'^OP') 
= wp{OQ + OP){OQ''OP); 
.'. the attractiou of the ring 

irp {OQ + OP) { OQ - OP) OA 
OP.OQ 'OR 

.2^« OQ-OP OA- 
^f'OKOQ ' 

«nce OB^iiOP+OQ) 



= 3nx.Izai 



Nov *ajg.jpiiiiT AJi -cc ve .dn^iaaL :m :am. i. -^f^ffr- ma^^ 
od»er m erf sxb^ Trags- ^oucl tar .-oi ai ^, ^,. J^^. -^^^ 

actAGA -of 1^:^ ~«di<M*: ;atta&E: nciufi: -&iiiiifl. ii*r: moL p 1^ 






fj^^^ ha 



* 1 



iOS. i.d>' 



fl- 






If the pla^'K ir -pee- j»^ ^5r*t?5ir ^ >-»^ i»^V>* ^ ^ 
cy near te 5sl. s "toL nwawBi- -»-rr- ;j»sa^7 <' •? ♦f^ -•^'t^^^ ^'^■ 

EI88 at a jEfiSKbee: jimi^ ^ 's-rr^ wmSek ',^^%^gf^^ * . ,, ^^ 



In the absns: jwftem "Wit mmmMf^^m^r-f^. 4^;^^ > ;.^^, ^^ 
ilicised. 

It remaisK Mr t» m -li*^ lui^ fc^ -^;*»^ ^ .^isnf^ v-**^^**^ 
UDot on gmnngnaa. :XM«ar jq» > ^ *^*-*^^->;!i^ ^^^^ ^ v^ 
salt. 






etiy shoveii Be ^30^ 



The envr doHRfcR: ji "f*!^ ^sn^ # ■^ff^ l ^ yi ri <»i # 
:ceed the dSiBnggiig: nf *lMHe i^^i^^'^n^ ^s^^"^ y|^|| 
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whole error In estimating the attraction of tiie ring PQ 
less than 

mass of ring OA mass of ring OA 

OF 'W OQ* 'OQ' 

1 1 



OQ'J' 



or ^wp.OA.{0(r-OP*)(^~ 

^.{0<^-0P^{0Q-OP){0Q* + OP.OQ + 01'" 
or <irp,OA OP'.OQ' 

or much more 

^ ^. (OQ' -OP^jOQ- OP) (0Q+ OP)' 

<.irp.\jA. OP'.OQ' 



or <Tp.OA.{^+ ^) {OQ - 0P)\ 



8 

But OP and OQ are both greater than OA, 

Hence error <irpOA (^ {OQ-OP)\ 

Let now the n rmgs be chosen so that OQ — OP is 
same for each, so that n {OQ — OP) = AB. 

Hence whole error < nirpOA (tj-j) {OQ — OPy^ 

or <^,.^5(0Q-0P). 

Now the number of the rings can be made as great 
we please and therefore OQ — OP can be made in all ca 
indefinitely small, and it is clear that the whole error cc 
mitted cannot exceed a quantity itself indefinitely sm 
which may therefore be neglect-ed. The proposition is d 
completely established. 

31*. Note. As the method used in the above Arti 
will enter largely into our future investigations it may 
expedient to give here a general statement of the nati 
of the process. 

We have generally to sum a series of the form 
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where all we know about the successive terms is that they 
are certain very small quantities each of which lies between 
very narrow limits, defined geometrically : while all we know 
about n is that it is a very large number. Our method con- 
sists in putting u^, u^, u^^ &c. in the form 

ftj = a?j — a*,, 



n-l n-1 •'^H 



Hence on addition the sum of the series 



— a?Q — x^. 



Now in transforming n^ for instance into sOq — x^, we gene- 
rally take for Uq any value between its extreme values which 
can easily fee decomposed into the form indicated. It is 
necessary to show that no appreciable error is introduced into 

the result. Suppose jk, j-,k to he the extreme values of 

which one of the terms u is susceptible. Here t and r, are 

fractions whose numerator and denominator difiFer by small 
quantities easily expressed as multiples of k, so that we can 
assume a =^a + pk, V = b + qk; and k is itself a very small 
quantity. Hence the error committed in this term cannot 
exceed numerically 



fa __ a + pk \ , 
[b^bTok ' 



b +gkj 

which we will for simplicity assume positive. The error 
therefore is certainly less than 

aqk — bpk , 

biP^qk) '^' 

Let us now choose the successive terms so that k m«iy 
be the same for each and nk = K some finite quantity. 

on this hypothesis let -~— — have its gi*eatest ] 
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value C, suppose, whicli will certainly be finite as neither I 
nor V vanishes. Then the whole error will certainly be less 
than nCIf or GKh. 

But by making the number of terms sufficiently great 
k can be made indefinitely small, and hence the term GKh 
is also indefinitely small. 

This shows that the error committed can in no case rise 
to importance in the final summation. 

The same reasoning holds good if the value assumed for 
u does not lie between its extreme values, provided the 
greatest possible error be some finite multiple of A*. 

The following applications of this method will be com- 
monly applied hereafter : 

(i) If k represent a small angle we shall assume that 
its sine, circular measure, and tangent are interchangeable. 

(ii) If k represent a small arc we shall assume that the 
chord may be substituted for the arc and vice versa. 

(iii) If A? be a small fraction we shall assume that we 
may substitute for it any convergent algebraical series whose 
first term is k, as for instance log (1 + &) or — log (1 — k). 

The student of Calculus will at once see that these sums 
are in reality definite Integrals, and the terms rejected are 
terms of the second order in the differential. 

32. Prop. II. A spherical shell exercises no attraction on 
a particle placed in its interior. 

Suppose a gramme to be placed at 0, a point in the 
interior of the shell. 

Then draw through a double Fi«- 7. 

cone of small vertical angle. The 
intersection of the cone with the 

shell cuts off two small frusta AB, p Z/r ^ \^' 

CZy from the cone. The attractions J^'htc' » a\ \* 
of these two small elements of the 
shell, on the particle at 0, are ex- 
erted in opposite directions, and the 
resultant attraction towards A is 

mass oi AB! mass of CU 
UA' OC' 
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But since the tangents drawn to the sphere AA\ CC are 
equally inclined to -40(7, we may consider Aff and GU as 
parallel plates of equal thickness cut from a cone, and in ' 
this case 

volume of AS __ OA^ 

volume of CU "" 0(F * 

and tbe volumes are proportional to the masses, since the 
shell is homogeneous; 

mass of Aff OA? 

mass of AB __ mass of GB' 
• OA^ "" ^0^ • 

Htoce the resultant attraction of the two opposite elements 
on O is nil. 

Now if the whole shell be cut up into similar pairs of 
elements, the same reasoning will hold good for each pair, 
and the whole attraction of the shell on any internal point 
vanishes^ 

33. Prop. m. To find the work done m canTing a gramme 
against the attraction of any system of particles from one point 
to any other pohit. 

Let PQ be a small element of the Fig. a. 

path pursued, and let a mass of matter, 
'/la, be placed at 0. Join OP, OQ, and 
from Q draw QR perpendicular to OP. 

Then the attraction on the gramme 
anywhere between P and Q is repre* 

sented by y;p r^Q for the reason given 
in Prop. I. 

This attraction resolved along 'P(^ 

^ cos OPQ 




OP.OQ 

m PR 
OP.OQ • PQ' 
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Hence tlie work done in carrying the gramme from Q to Pis 

OP.OQ' PQ'^^ 
mPB _ mjOP'-OQ) 
OP.OQ" OP.OQ 

^"^[OQ'^OP)' 

If there be other particles in the system, it is clear that 
the acceleration in direction P^ is equal to the sum of their 
separate accelerations. Hence work done from Q to P 

= (total acceleration along PQ) x PQ ; 

= sum of work done against each separately. 

Hence the work done against the attraction of a system of 
particles Wj, Wg, placed at points 0^, 0,, may be • 

^"^[OQ^OPJ' 

In the same way, dividing the whole arc into similar 
elements, and performing the summation, we find that the 
work done against any attracting system in carrying a 
gramme from A to B 

This shows us that the whole work done against any attract- 
ing system in moving a body from -4 to jB along any path 
whatever is the sum of work done along the whole path (or 
along dififerent paths terminating in A and P), against each 
element of the system taken separately. 

34. If the particle move freely from P to -4 under the 
influence of the attracting system, the law of Kinetic energy 
must hold (see Art. 24), and we have, if v, V be the final 
and initial velocities, 



|w-|.¥F' = JfSm(J-l). 



T^EOBY OF POTENTIAL. ^9 

"where M is the mass of the particle moved, and m is, as 
above, the mass of one of the attracting particles. This 
•shows lis that both the work done, and the change in 
Kinetic energy between any two points are independent of 
the path pursued, depending only on the initial and final 
positions. If the body be carried to a great distance from 

• the attracting mass, -^ may be neglected, and we have for 

the work done in carrying a gramme from a given point to an 
infinite distance from that poii^t along any path whatever, 
the expression 

where m is the mass of one of the attracting particles, and. 
r its distance from the point. 

35. Def. XI. Potential. If a point he at distances 

r, Tj, Tj from any given points in space, at which we will 

imagine masses m, m^, mj, placed, the sum 

m m, m^ « 

r r^ r, 

or, as it is written^ 2 — , is defined as the potential at that 
point due to that attracting system. 

We have already shown that 2— measures the work 

done in carrying a gramme from the given point in any 
direction whatever to an infinite distance from the source of 
attraction. 

The potential at a point may therefore also he defined as 
the work done in carrying a gramme from that point to 
infinity, 

36. Prop. IV. If the potential of an attracting system be 
measured at any two points, the difference between its values is 
equal to the work done on a unit of mass which is moved 
from one point to the other. 

This might be inferred from the previous proposition, but 
we give an independent proo£ 



^J 
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Let A and B be the two points, F* 8*. 

aad m be one particle of the system 
situated at 0. Let PQ be a short 
piece of any path from A\jo B. 

Then if Vp be the potential at P, 
and Vq the potential at Q due to 
particle m, 

T' p- - "* _ J^ - OP-O Q 
'«"'^'"0Q OP'^'OQToF' 

mRP _ m RP __ 
~OQ.OP~OQOP'PQ^^ 

-Wop-'^^^^'^^- 

Now the average attraction of m on the unit of mass 

throughout PQ will be intermediate between -j^^ and yc^ , 

and may be taken as before as the geometric mean, that is, 

m 

^ OFOQ' 

m 



cos BPQ 



• OP.OQ 
is the value of the acceleration along PQ =/, suppose ; 

/. •Fg-Fp=/.PQ, 

but the right-hand side of this equation equals the work 
done against an acceleration /in moving a unit of mass from 
P to Q, and this is therefore equal to the difiference of 
potential at these points. 

The same equation will be true for all the particles of 
the system; 

/.2Fg-2Fp = 2/.PQ. 

Or the whole change in potential, due to the system, is 
equal to the work done in carrying a unit of mass from Q 
to P. The same will hold true for all the small elements 
into which the space AB may be divided^ and the sum of all 
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the differences of potentials will be the whole difference of 
potential between A and B, 

Hence for any attracting system, the difference of poten- 
tial between any two points in its neighbourhood will be the 
work done in carrying a gramme from one point to the other. 

37. Prop. V. The acceleration of any system of particles, 
on a mass in any position, measured in any direction, is equal 
to the rate of change of potential in that direction. 

We have already established in the previous proposition 
the formula 

where 2Fi> is the whole potential at P, and 2Fg the whole 
potential at Q, a point near it* 
It follows of course that 



2/= 



tV<,'^Vp 



PQ • 

2/^ is the whole acceleration in the direction PQ^ and since 

the potential changes from 2Fp to 2Fn in the space PQ, 

2F — 2Fi> 

— ^-^p7^ must measure the rate of change of potential in 

the direction PQ. 

38. Def. XII. Lines of Force. Lines of force are 
lines such that the tangent at any point represents the direction 
of the resulta/nt attraction of a systern of particles, on a 
particle placed at the given point 

Hence if a particle be free to move, it will begin to move 
along a line of force. 

In the case of a single attracting particle, its lines of 
force are clearly straight lines, radiating from the particle. 

39. Def. XIII. Tubes of Force. A tubular surface 
bounded by Vines offeree is called a tube offcyrce. 

In the case of a single particle the tubes of force will be 
cones of any shape originating in the particle. 

40. Def. XIV. Equipotential Surfaces. Eqnipaten- 
iial surfaces anre a system of surfaces drawn round au ollraciV 



9 
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ing system such that the potential at any point on one q 
surfaces is almays the same. 

The equipoteutial surfaces m the case of a single _ 
will be a system of concentric spheres, having the 
particle as their commoti centre, 

41. Prop. VI. Lines of force are everywhere perpenc 
to equipotential surfaces. 

For if not, let a line of force be inclined to the i 
potential surface through the point. Then the reaid 
force at that point has a component aloru/ the surface,.! 
the magnitude of this component is the rate erf chai 
potential in this direction (by Prop. V). But evei_ 
on an equipotential surface the potential is constantfj 
its rate of variation therefore zero, hence the resultant " 
can have no component along the surfaco, or, in other v 
is perpendicular to the surface, 

42. Cor, Since the resultant force is greater tbaaJ 

F - F". . 
component "^pfT- will be greatest along a line of i 

Hence the line of force is the line along which the pote 
changes most rapidly; therefore by definition of a Y 
force, a body will begin to move in the directioi 
potential diminishes fastest. 

43. Prop. VII. If a cone of very small vertical angle I 
drawn having a particle of attracting matter at its vertex, i 
F be the attraction at any point within the cone compntadJ| 
any direction, and S the area of the section of the cone peq 
dicular to the direction of F, then the product FS is com ~ 
throughout the cone. 

44. (i) Let the direction of the force be along j 
axis of the cone, the sections are then at right angles tal 
cone. 

Let P, Q be two points on the asis of the cone, 
F^, F^ the attraf;tioD3 exerted by on them ; ,S„ S, the \ 
Beetioas of the cone through PQ perpendicular to the axis. 
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Then 



Fig. 9. 



7-T »'•' 



m 
OF* 



m 




^1 • *« •• OP* ' OQ"' 

where ra is the mass of the 
Ittracting particle at 0. 

And since 8^^ S^ are simi- 
lar figures, 

8., : S^ i: OF" t CH/, 

bnce in this case F^S^ = F^^. 

45. (ii) Let the force he inclined to the axis of the 
5ane at any angle 0, the section is then oblique and inclined 
It an angle to the right section. 

Let F and Aa {S) be the resultant force and right section 
It any point P: also let' Fig. lo. 

Fj, S^ be the same quantities 
br an oblique section Bb 
ihrough the same point. 

Then we may regard Aa 
IS the orthogonal projection 
if Bb, and the inclination of o 
he two sections being 0, we have 

Bb cos = Aa, 

or, 8^cos0 = S. 

Again, since F^ is the resolved part of i^ in a direction 
inclined at an angle 0, 

F^ = Fcos0; 
.-. F,8^ cos = FS cos 0, 
or, F^Sj^ = FS, 
vhich proves the proposition generally. 

i& Prop. VIIL If the area of a closed surface be divided 

a large number of elements a-i, a-^, o-^ ..., and the force of 

attracting system outside it be computed over each element- 

and normal to it reckoned outwards, the sum denoted 

the symbol sFo* shall vanislz. 
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Take one element of the attracting matter, aa 
I dr&w from a small Fig- ii. 

[ «ODe Wihicli cuts the 
surface m two element- 
ary areas a, a, and let 
F,F\i% the forct'3 nor- 
1 mal to the surface com- " 
puted outwards. Then 
by tte preceding pFwposition 

the sign— 'being attached because the normal com] 
I at o- and a' are in opposite directions with respect to 
is, one tends to and the other /;-om ; 

:. Fo-H- J'o-' = 0; 
and since the whole surface can be cut up into simili 
of elements we have over the whole surface S-fff = 0. 

Again, what is tnie for each particle of the att 
mass outside, taken separately, is true when tbey are ai 
together. Hence, if F^, F^, &c. represent the resultai 
due to the whole external mass on each element of the i 
we must also have over the whole surface aa before 2. 

This proposition, as well as substantially the pro 
given, is due to Prof Stokes. 

47. Prop. IX. If a tube of force, bounded as to its i 
two equipoteutial surfaces, have the ends divided into e! 
0-1, <r„ o-j, &c.. Hi', <r,', a^, &c., and the resultant force co 
over each element Fi, Fj, F,,, &c., F,', F,', Fg', &c.; then 
sFff^sFV. 

For the tube of force so bounded is a closed surfa 
we may apply to it the statement of the 
I preceding proposition. Fig. i 

Now since the tube of force ie bounded 
I by lines of force, and since a force can pro- 
duce no effect in a direction at right angles 
to itself, the component of the force per- 

idicular to the surface at every point 
on the tubular surface is zcro- 

Hencb we have only to consider the 
force on the ends of the tube, that is on 
the eqmpotential surfaces, and we have 

2ifo--2FV = o, 
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lie — sign being used because the direction of the force on 
Be surface is inwards and on the other outwards, with re- 
pect to the portion of the tube of force under consideration. 

K the force is uniform over the ends or equipotential sur- 
ices then we may write the equation as 

fhere S is the whole area of one end or cross section and S' 
t the other, and F, F' are the forces over each respect- 
f ely. 

This expresses the fact that in any portion of a tube of 
bree the force varies inversely as the cross section of the tube, 
tr the product of force by area of cross section is constant. 
Rus will be seen to be of great importance in electrical 
broblems. 

!; 43. Prop. X. If a small tube of force cut through a thin plate 
■ attractiiig matter perpendicular to it, the product To- in pass- 
pi from one side to the other changes by 47rm, where m is the 
of matter included in the tube. 




For let AB be the thin plate of matter included, and let P 
Q be two points taken very near the plate ^ig- 13. 
on opposite sides. We will denote all the at- 
iing matter outside the plate by if, the tube 

t force being due jointly to the attraction of M 
d the plate AB, Since the forces due to M 
knd to AB are at P and Q both perpendicular to 
\AB, we may by the second law of motion consider 
their effects separately and add them together. 

Let F' be the resultant attraction of If on Por Q which 
•re indefinitely near together, the direction of F we will sup- 
pose in the figure from Q to P. The attraction of the plate 
will be 2nrp (Art. 31). At P the attraction of the plate acts 
tijainst F, and hence the complete product Fa 

= (F' •- 27rp) <r. 




At Q tte attraction of the plate acts mitk F", i 
I the complete product Fa 

= iF'+2wp)o: 
Hence the change in the product Ftr on passing ^ 
\ side of the plate to the other 

= {F+ilTrp)<T-{r-27rp)a 
= 4nrp<T 
= 47r7«, 
■since where p = density per unit of area i 
■flf the plate m. = pa. 

The same jwoposition holds true if the mass be i 

Lplate, since we may conceive it to be made up of thm 1 

ficut perpendicularly by tubes of force with spaces between 

r. above proposition is true for eaeh plate separately, and C 

quently it is true for any mass cut through by a tube of 

Prop. XI. As we recede from an attracting mas 
eqUipotentlal surfaces tend to become a system of cono 
spheres over each of which the force is uniform. 

As we get to places distant from the centres of attra 
the lines of attraction to different parts of the system bs 
insibly parallel and the ratio of the distances from tb 
ferent parts of the system sensibly unity. 

Hence the lines of force will be straight lines emsxt 
[ from the centre of gravity of the system, and the equipotx 
[ surfaces therefore spheres having that centre of gravis 
[ their centre. In such a case throughout a very limited i 
[compared with the whole distance we might treat the lii 
tforce as parallel lines, the equipotential surfaces as |d 
I and the force as uniform throughout that space. 

We may illustrate this case by the force of gravity 
Ithe earth's surface. Over a limited area the Imes of 
f being vertical ai-e treated as parallel, and the equipotc 
I surfaces as horizontal planes. 

The difference of potential between two points i 
Kwork done in carrying a gramme from one place to the (, 
But by Definition 8 this is represented by the pro ' 
SceJeratJon into height. 



the pro^ 
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Hence the difference of potential of any two points whose 
Eerence of height is h centimetres is 981 h. 
We may therefore say that difference of potential is dif- 
ice of level, if for a moment we make our unit of length 
11 centimetres. 
It is clear there is no such thing as absolute level. But 
find it convenient to refer all levels to that of the sea, 
id to call heights above the sea level positive, and below 
le sea level negative. 
But yet we may use the terms positive and negative level 
hr potential in respect of two places quite regardless of their 
jubsolute levels or potentials. 

bThus we might say that the Mediterranean Sea has nega- 
! potential or level relatively to Mount Ararat, but positive 
mtial or level relatively to the Dead Sea. 

Examples on Chapter II. 

1.' 1. Show that in computing the attraction of a solid 
Inhere on a point within its mass we may neglect all of the 
tahere more remote from the centre than the given point. 

\ 2. Given that the volumes of spheres are proportional to 
lie cubes of their radii, show that the attractions exerted by 
^sphere on points within it are directly proportional to their 
ces from the centre. 

3. Show that, supposing the density of the earth to be 
form and its diameter doubled, the a»eceleration at its sur- 
would be double its present value. 

fr 4. K three particles of masses m^, m , m^ be placed at the 
pDgolar points of a triangle, the potential at the centre of the 

l|Bcumscribing circle is — ^ — ^, where ^ is the radius of 

like circle. 

5. If any number of particles be distributed over the 
e of a sphere, the potential at the centre of the sphere 

-|t-, where 2m is the sum of all the masses and B the 

iidius of the sphere. 




G. At the angular points of a triaogle are placed mail 
equal numerically to tbe lungths of the opposite sides. Sb 
that the potential at the intersection of perpendiculart 
equai to tan A tan B tan C; at the centre of the ciretd 



scribed circle it is 8 cos -. 
the inscribed circle 

-JB-n- ^ -810-^. 



■rr-C 



cos 3" and at the centre 



where E and r axe tke radii of circumscribed ajid inscri) 
circles, 

7. Calculate the potential of a circular plate on a pO 
situated on a line through its centre perpendicular to 
plane. 

Ans. 2-!rpl (1 — cos a); ii I he distance from edge H 
23 the angle subtended hy the plate, 

8. Show that in a field of uniform force the lines of ft? 
are parallel straight lines and the equipotential surfacH 
system of parallel planes. 

9. Show that if the equipotential surfaces he a 6ys| 
of concentric spheres the force over each sphere is uniform 

10. Show that the attractions of all parallel plates ' 
equal thickness cut from a right cone on a particle placeii 
the vertex are equal. 

11. Show that the last proposition is true for sectiol 
taken from an oblique cone. 

12. Two similar right cones of like material attract 
particles placed at their respective vertices. Prove thai 
attractions are proportional to the heights. 

13. Find the potential of a solid right cone on a partad 
at its vertex. 

Ans. Tj-fcos a(l — cosa); if I be the slant height I 
a the semi-vertical angle. 
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k K particles be placed at the middle points of the 
of a triangle, their masses being numerically the same- 
5 sides, show that the potential at the ceatre of circumr- 
ng circle is 2 tan A , tan B . tan C. 

>. If equal particles of matter be placed round an ellipse* 
itances such that the angle subtended between any two 
ssive particles at the focus is constant^ show that the 

tial at the focus is -p, where n is the number of 

Jes, m the mass of each, and I the semi-latus rectum. 

ote. Using the polar equation ( - = 1 — e cos 6\ the 

sition follows at once. 

!. Find the potential of a very narrow circular annulus 
centre. 

. Find the potential of a broad circular annulus at its 



. Find the potential- o£ a sector of a circle at the centre 
circle. 

If the equipotential surfaces be a system of confocal 
ids^ show that the lines of force are systems of hyper- 
laving the same foci. 



CHAPTER III. 



APPLICATION OF POTENTIAL TO STATICAL ELBM 



Before jjrocceiliug to apply the properties {) 
mtial to the investigation of Electricity, we must l 
"j one or two of the experimental laws on which S 
(plication depends. 

ExpERQiENT L There is xo electrical force * 
i'e^ed electrified conductor. 

This has been shown conclusively in numerous exj 

mta devised by Faraday, Haring tested by the p __ 

), and Coulomb's balance, tLe inner surfaces of differ^ 

mductors, of every variety of shape — spheres, cylinders, A 

nth the outer surfaces either completely closed aa with, ill 

pi, or closed only by a conducting network of wire gaw 

V of linen fibres, as in a butterfly net : he finaliy coostraeH 

t small house or room 10 or 12 feet cube, covered ouUSi 

nth tinfoil, and insulated on glass legs, so that the WhQ 

■rface could be highly electrified by a powerful macl^ 

to this he carried gold-leaf electroscopes, and withmlJ 

iplied the most delicate tests he knew of for electrificatiffl 

pt he did not succeed in detecting any trace. Such W 

! delicacy of these tests that if there had been a tei 

mousandth part of the electrification inside that there W 

ptside he could not have failed to detect it. 

Two exceptions to this law may be noted. 

Exception (I). It is not true of electricity in motion. 

Exception (II). An electrification maybe induced inEii 

[ conducting surface, by electrified bodies insulated : 

'pities within it. 
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53. Experiment II. When a separation of electricities • 
ta^ place by friction or any other means, the amounts of 
viteous and resinous electricities jyroduced are always such 
Ikit, on being re-united, they exactly neutralize each other. 

This is shown clearly in any form of electrical machine 
in which the opposite poles are connected. For unless it 
were true one pole would, on working the machine, still 
acquire a charge of electricity.' 

Def. Complementary Distributions. The two amounts, 
which are produced when the electricities of a neutral body 
ire separated, are said to he equal and of opposite sign, and 
oe shall speak of them as com^plementary distributions. 

54. Experiment III. The amount of opposite electricity 
nduced on surrounding conductors by any electrified body is 
quai to the body's own charge. 

This is experimentally proved by Faraday's Ice-pail 
xperiment. An electrified sphere is introduced into a 
ollow closed conductor, and the electricity induced on the 
mde by the charged body before contact of tke sphere with 
be interior, is found on contact just to neutralize the body's 
harge. The complementary distribution on the outside, 
'hich is equal to the disguised or induced charge, must there- 
)re be equal to the original charge of the body. 

55. Experiment IV. If two bodies be electrified and 
laced at a constant distance, great compared with their di- 
lensions, from each other ; they exert on each other a force 
roportional to the products of the amounts of electricity they 
mtain. This force is attractive if their electrifix^ation be 
jposite, repwlsive if similar. 

We can measure th-e repulsion of two charged bodies by 
oulomb's torsion balance, in which the moment of the re- 
ilsive or attractive force is equal to the torsion of the wire 
squired to keep the bodies at a fixed distance. 

The charges can be varied in the following manner: 
rovide a ball of the same size as the carrier and indicator 
ills of the torsion balance, insulated by a silk thread or 
un-lac stem, which we shall call the discharging ball. 

Now, having a common frictional machine fitted with a 
enley's electrometer^ if we apply the caxTiei ox dL\^OcvaiX^TL% 



tall to a certain part of the prime conductor, when the deo- 
trometep is at a fixed reading, we carry away a, certain amoimt J 
of electricity, which may be taken as a provisional unit. 

Having charged by this means the carrier ball, it ia placed, 
in the balance ; its charge is immediately divided equally 
with the indicator ball, and we can observe the torsioii of, 
the wire which keeps the two balls at any proposed distance^ 
apart : we have in this way a measure of the repulsive foFC& 
between two quantities each J. We now remove the carrier 
tall, and divide its charge with the discharging ball, by 
which means the charge of each is reduced to \. The carrier 
. ball is replaced in the balance, and the repulsion at the 
same distance obseiTed. 

The dischargiug hall is now discharged, the carrier ball 
removed and touched against the diaeharging ball, again re- 
placed, and the repidsion at the same distance again observed. 

By continuing this, process we can observe the repulsion 
at fixed distances between quantities whose ratios are 
respectively 1 to 1 ; ItoJ; Ito-J; Ito^; and so on. By, 
this means it is found that, making certain allowances for low, 
of charge, the repulsion at a constaat distance closely ap-; 
proximates to the law above given, aud on increasing t£«y 
distance, the law is found mote and more nearly true. 

By fixing a vertical wire in the balance to prevent 
the indicator ball from flying, to the carrier ball, and first 
charging the carrier ball with negative electricity, the same 
law can be establislied for the attraction of oppositely- electri- 
fied bodies. 

5G, Experiment V. If constant charges of electricUy 
, hs condensed in two points, and the distaTice between them 
varied, the force of attraction or reptdsion w found to vary 
■ inversely as the square of the distance. 

Tliis is shown by Coulomb's torsion balance also, by 
varying the distance of the conductors instead of the charges. 
It might also be inferred from the following considerations: 
Let a hollow spherical shell be charged with electricity. 
From its symmetry of sliape it is clear that the distribution 
of electricity over it will be uniform, and the amount o 
element of its surface therefore proportional to its area. 
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Now, referring to Art. 32, we see that if we wish to find 
the electrical force at a point within an electrified sphere 
we divide the surface up into opposite pairs of elements 
AB^ CZy, and then assuming the law of inverse squares, prove 
that there is no force at that point. But if we suppose the 
law of the force unknown and call it the inverse nth power of 
the distance, the attraction exerted by the pair of opposite 
' elements on (see fig. 7) will be (towards A) 

mass ABf mass CU 



But 



mass AB mass CD' , 

— Qj^ = — QQi = ^ suppose. 



Hence the attraction on towards A 



* (,(71^* 00''-*) ' 



If n > 2 and OA < OG this result will be positive, or there 
will be an attraction towards the nearer side of the sphere. 
If n < 2 or negative the result is negative, showing that there 
will be a resultant attraction towards the more distant side of 
the sphere. 

The whole attraction on the internal point can therefore 
only vanish when n exactly equals 2, i.e. for the law of the 
inverse square. The methods of detecting electrification are 
80 much more delicate than any measurement by the torsion 
balance, that this constitutes the most reliable proof of the 
law, since we know as a fact that there is no electrical force 
anywhere within a closed electrified inhere. 

57. To make our unit quantity of electricity symmetrical 
with our other units we adopt the following definition of 
dectrical quantity. 

58. Def. Unit Quantity of Electricity. The unit 
of electricity is STich a quantity, that if condensed in a point 
ti shall exert a unit of force or one dyne on another similar 
^nit placed at a distance of one centimetre from it. 

59. Def. Electrical Density. Electrical density is 
a term used to denote the quantity of electricity on a body per 
square centimetre. 
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Thus if a surface of area s be electrified uniformly n 
charge q, and if p be the density at any point, 



If the surface be not uniformly electrified we define det 
aa the quantity which would be on a unit of area soppc 
the density uniform and of the same value as at the j 
under consideration. 

60. We have in these definitions carefully avoided 
theory as to the nature of electricity. 

On a fluid hypothesis the quantity measures the 1 
amount of electric fluid, and the density the depth of the^ 
layer at any poinL 

61. It is usual to refer to the electricity which a 
on the plate and prime conductor of an electrical mad 
positive, while that which appears at the same time c 
rubber or negative «onductoi' is called negative. 
priety of these terms appears if we remember (Exp. S 
the amounts developed always neutralize each other. ' 
conveniently expressed algebraically by saying that if q 
ties o and q of electricity are developed from a neutral 1 
by friction or otherwise g + q' = always. Further, we ' 
shown that if two similar electrified particles contfi 
quantities q and q of electricity (both + or both — ) be p 
at a distance r from each other, there is between them i 

pulsive force measured by ^ , while if the quantities q al 

be one positive and the other negative, there is an attra 

force measured by — { . Generally we may say that beti^ 

any two quantities g and q' there is a repulsive force, rei 
beriug that when the product qq' ia negative the rej 
becomes negative, and negative repulsion is the g 
attraction. 

62. Having established the fundamental proposition* 
between two quantities q and q' of electricity condenf 
points at a distance r from each other there is a force n 
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f byH^ which is repulsive if this product be positive, and at- 

[ tractive if it be negative; we can apply all our propositions on 
Potential of attracting matter to Potential of an electrical 
distribution. 

We shall only have to substitute in our original definitions 
the unit quantity of electricity condensed in a point for the 
gramme. 

Our Definition XI. Art 35 will then stand thus. 

Def. Electrical Potential. If there be a number 
of points holding charges q, q', q", c&c, and if there be 
another point at distances r, r', r", (fee, from them, then 

the mm ~ + -r + ^7 + <fcc. f = S - j is defined as the potential 

of the given electrical distribution at the given point. And 

it is dear thai as before S - represents the work done on or 

ly a unit of positive electricity condensed in a point when 
'nmedfrom the given point to an infinite distance. 

Now, when considering the attraction of masses due to 
gravitation, we have always to expend or d& work in order to 
take a gramme to an infinite distance from any point. But 
from the dual nature of electricity, that is from the fact that 
it manifests itself in two modes, it is immediately obvious that 
we have here two cases to be dealt with. 

(I). It may require work to be done to take the unit /rom 
any point to an infinite distance : or — 

(II). It may require work to be done to bring it up from 
infinity to that point. 

Assuming the testing unit always charged with positive 

electricity, it is obvious that for a point at which 2 - is 

negative, work has to be done to take the unit from the 

point to infinity, and for a point at which 2 -- is positive, 

work has to be done to bring the unit up from infinity to the 
given point. 
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We shall hereafter call the unit of positive electricitj 
condensed in a point a plus unit (written * + unit'). 

63. Premising these extended definitions, we proceed to 
deduce some important results. 

Prop. I. The potential oyer the snrface and within the mass 
of an electrified conductor is constant. 

This follows from our first experiment : for since there is 
no electrical force within the charged conductor there can be 
no change of potential, or, in other words, the potential is 
constant. 

CoR. 1. The surfaces of all electrified conductors are 
equipotential surfaces, and lines of force cut them at right 
angles. 

This is equally tnie, whether the distribution be free or 
induced : if free, the distribution is such that it exerts no 
attraction on internal particles, and if induced, it neutralizes 
the force of attraction of all external electricity on internal 
electrified particles. 

CoR. 2. The law of density on a freely electrified con- 
ductor is the same as the law of thickness of a film of 
matter, which exerts no attraction on an internal point. 

Cor. 3. Whenever a difi'erence of potential exists be- 
tween two bodies, which are connected by a conductor, after 
some time, short or long, equality of potential is established 
This is said to take place by a flow of positive electricity 
from the place of higher to that of lower potential. Its special 
investigation we defer till we consider electricity in motion. 

64. Def. Zero Potential. The absolute zero of poten- 
tial exists at a place removed to an infinite distance fr(^ 
aU electricity. 

In practice, this idea can never be realized, as aU unin- 
sulated bodies are really parts of the earth, and therefore 
at the same potential as the earth. Moreover, since the 
earth is a large conductor, and no electrical separation ve 
can efiect will sensibly alter its potential, and all electrical 
phenomena we observe are ultimately difierences of potential 
between certain insulated bodies and the earth, we habitually 
speak of the earth as our standard of potential, and of it* 
potential as zero potential, reserving the term absolute zero 
tial at infinity. 



Def. Negative and Positive Potential. When a 

K we A is at a higfier potential than a place B, Ais said to 
VB a potential positive to B, while B has a potential negative 
A: (/le luorda higher and lower being taken in their 
iii^thraical sense. 

This must be clearly distinguished from positive anO 
jative electricity. A positively eleetrilied body is one 
wKch when removed from all other electrified bodies is, 
poatiye relatively to the earth, so that on the establishment 
irf conduction electricity flows from the body to the earth : 
IMgatively electrified body is one whose potential is nega- 
tire to the earth, the flow of electricity taking place under 
tlie same circumstaDces from the earth to the body. 

Eeferring to our former illustration of level, if we have 
two cistemB of water at different levels, water will always 
Sow (when a channel is opened) from the relatively higher 
to ihe relatively lower, quite independently of their absolute 
levek, which may both be positive, as when both are above 
fte Bea level, or one positive and one negative, as when one 
u ^tove and the other below the sea level, or both may be 
negative, as when both are below the sea leveL 

Another illustration may be taken from heat, when po- 
tmti&l corresponds to temperature When two bodies of 
iifierent temperature are brought neir tj each other, an 
iMerchange of beat takes place which may be expressed as 
\ flow of heat from the hotter to the coHer body. The 
BQmtnal zero of temperature is af,ain purely conventional 
hnd has nothing to do with the absolute zero, the flow of 
ksat merely taking place from the hotter to the colder. 
lective of absolute temperature, whether the tempera- 
be both positive, one positive and one negative, or both 



6G, Ftop. n. The electrical farce just outside an electrified 
wadtictor at a point whose density is p is iitp. 

The measure of electrical force at a point is clearly 
it Def, 4) the force on a plus-unit placed at the point. 

we take a small tube of force originating in the surface 
Bf the conductor, whose area of section is a; and the force 
Brer which is F, then Fa- is constant thr(i«"\iQii.t ^^.\e \.\0t«. 
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and on passing through the electrified surface changes by 
4irpa: But within the conductor F vanishes, and hence just 
outside the conductor Fa = 4r7rpa or F= 4;7rp. 

This might also be proved by considering the force 
within and without, near a small element of the surface, 
taken near the point under consideration. 

Suppose AB such an element, and let P, Q be two 
points, one just inside, and the other just Fig. 14. 

outside the surface. We may then consider ^ ^ 

the attraction of AB, and the rest of the ' 

conductor A CB, separately from each other. 

It is clear that AB exerts at P a force 
equal and opposite to that of ACB, and since AB maybe . 
treated as a flat plate, uniformly electrified, its force at P i 
is Stt/d inwards. ! 

Again, the force exerted by the part ACB at Q is the . 
same as that which it exerts on P, and the force of AB 
at Q is similarly 27rp outwards. 

Hence, the total acceleration ©m Q is 27rp due to AB, : 
and also Stt/) due to ACB, both outwards, or the whole 
force just outside the conductor is ^p. 

Tlic force exerted on a positive mnit at Q will clearly be 
iirp outwards, and on m units at Q will be 4;7rpm, 

Cor. The force which an electrified conductor exerts on 
lUiy portion of its electrification is normal, and at the rate of - 
iirp* per unit of area. For considering the element AB, the 
force due to ACB at any point on AB is 27r/?, and the 
quantity of electricity is pa; if a- be the area of the element ■ 
AB. Hence the whole force on ^5 is 27rpV. Hence the 
force exerted on AB is at the rate of 2Trp^ per unit area, 

66. Prop. nL If a tube of force cut througli two oppositely 
electrified surfaces the quantities of electricity on its two ends 
are equal and of opposite sign. 

For supposing F, a- to represent the force and area of section 
at one surface, and F', a the force measured in same directum 
»nd section of tube at the other surface. 
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it jP= 47rp, if p be the density on one surface, 
F*- = — 47r/>', if p be the density on the other surface ; 

.*. \rjTpG = — 4:7rpa ; 

.'. pa^ — p<t', 

ovq = - q, 

here q, q are the quantities of electricity on the two sur- 
ices respectively. 

67. Prop. IV. It is impossible to pass from a region of con- 
bant into a region of varying potential without passing through 
n electrified surface. 

For let ABC be the boundary of a region of constant 

K>tential, it must therefore be an equipotential 

lurface. 

Draw any tube of force cutting it at right 

angles, then since F<t is constant throughout 

the tube, and vanishes on one side oi ABC— 

that of constant potential — it must vanish also 

ion the other side of ABC, supposing it to be 

[unelectrified. In other words the potential 
on the other side of ABC must also be constant, which is 
contrary to the supposition that potential varies. 

68. Prop. V. If a closed conducting surface be connected 
Vith the earth, there may coexist two systems of electrified 
one inside and one outside, entirely independent of each 




«tiier. 



®A 



Suppose in the figure we have a hollow conducting body. 
Bid let there be within its Fig. 16. 

inner surface def one system 
rf electrified bodies a, 6, c, 
*nd also without its outer 
ttrface LEF another system 

The system A, B, C will 
induce on DEF a distribu- 
tion, which will produce 

* constant zero potential 

throughout the mass of the conductor, since it is connected 
with the earth. 

C. EL 
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Again, the system a, h, c will produce do ch&ngff 
potential in apace exterior to tlid surface def of the o 
ducting mass, since the conductor and all external space Itl 
far aa a, 6, c is concerned at zero potential; there: will Ik 
fore only be a distribution of electricity on the surface 
■which exactly neutralizes the action of a, b, c on 
points. 

Hence, we have two electrical syatema, a, b, c, witli 
induced charge on def within the conductor, and A, S 
with its induced chaise on DKF outside the condut 
qnite independent of each other : all actions within the u 
ductor taking place as if A, B, G did not exist, and thf 
outside as if a, b, c did not exist. 

Cor. 1. It follows from this that the amount of' 
charge induced on surrounding conductors by an electrii 
system is equal in amount and opposite in sign ' 
charge of the system, a result we have already indicated 
established experimentally. 

For if we consider a system of tubes of force oiigitiBil 
iu a, b, G and proceeding to the surface def, the i 
electricity on the opposite ends must be equal. And tfe 
tubes of force include the whole surface def. ^^ 

Again, if tubes of force proceed from one part of I 
system a, b, c to another, they must include on their oppfl ' 
ends amounts of electricity equal and opposite in sign, v) 
consequently cancel each other in the final summation. Ht 
the whole amount of electricity on def must be equal a 
opposite to the whole amount of electricity in a, b, c. 

Cob. 2. If any electrical apparatus he placed inside 
metal enclosure connected with the ground, the apparatus 
entirely screened from electrical actions taking place outs 
it, Thia is of the greatest uae in practical electricity, wb 
all delicate instruments are protected by a screen of » 
t - gaiize. 

I 69. Prop. VI. There cannot be two different laws of i 

n bution of free electricity on a given conductor. 

If possible, let there he two such laws, then they i_. 
both produce a constant potential within the conduct 
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lence, if distributions according to the two laws be super- 
mposed on each other, the combined distribution will produce ■ 
k constant potential within the conductor. Let now equal 
umoants of positive and negative electricity be spread over 
ike aurface according respectively to the two laws of dis- 
■ribution referred to. At parts they neutralize each other, 
ind at parts there is an excess of positive electricity, in 
>ihers an excess of negative electricity. Hence a free dis- 
Mbution, partly positive and partly negative, produces a 
Xmstant potential within the conductor, a result obviously 
ibsurd. 

Def. Capacity. I%e quantity of electricity which will 
iring a condiictor from zero to unit potential^ is defined to be 
Ae capacity of the conductor. 

It is clear that the capacity of a conductor depends not 
anly on the conductor itself, but on all surrounding electri- 
Red and unelectrified bodies. • 

70. Prop. Vn. If C be the capacity of a conductor removed 
bom all other conductors which is raised from zero to potential V 
bgr a charge Q of electricity, Q = C V. 

For since the electrification of the conductor can be only 
according to one law it is clear that each increment in charge 
k spread over the conductor according to the same law, and 
the density at each point is altered in the same ratio. Hence 

the sum 2 - or the potential will be altered in the same 

i»tio, or the change in V is always proportional to the change 
k Q. But when F= 1, ^ = C. Hence Q = (7F always. 

Cor. 1. It follows that if a body be electrified with a 
I fiatribution partly 'free and partly inductive, we may con- 
|ider the effects of each separately on the potential, and 
[•mply add up the results due to each separately. 

Cor. 2. It also follows that if a conductor be in a region 

It potential F^, and be brought up to potential V, the 

<pantity of the charge is (7(F— FJ, since the potential 

lithout any free charge is T^. The potential of a body so 

'ectrified, examined by an electrometer entirely in the 

pen at V^ will be F— F^, but examined by an ^\^eXx<^- 

rter with one pole to earth it will be F. 



71. Prop, Vin. If a distribution of electricity over a, di 
surface produce a force at every point of the surface pf^ 
dicular to it, this distribution will produce a constant poteo 
at every point within the surface. 

Since the resultaiit force at any point lias no compon 
along the surface, tlie rate of charge of potential along 
surface vanishes, and the surface is a surfaco of coi^ 
potential. , 

If the potential at every point within the surface }»i 
the same, draw within it a system of equipotential buim 
and tubes of force. The equipotential surfaces can ii^ 
case cut the surface of the conductor, since tlie lin« 
force are everywhere perpendicular to it. Hence, ea. 
proceed inwards, tho successive surfaces must coDstaS 
diminish in area, and at last vanish. Conceive noF.^ 
tube of force proceeding from the surface inwards. Throii 
out it Fer is constant, and at some point within the sura 
o- must vanish, and at this point F must be infinite. Bd 
can only he infinite at a point indefinitely near to anotl 
point, having a finite quantity of electricity, and by a 
position such a point does not exist within the surface. J 

Hence we see that the distribution on the conductor n 
possible one, and Prop. VI. shews that it is the only one. 

72. Prop. IX. If an eijuipotential surface belonging to i 
electrical system be drawn, and a distribution of electricity 
made over that surface such that the density at each p(Hnt 
y~, where F is the resultant force of the system at that poj 

then this electrification will be in equilibrium and will pro* 
on aU external electrified particles the same force as the gil 
electrical system. ^ 

For let ABC... be a system of electrified particI^iS 
let PQR be an equipotential sur- Fi^-. 17. '{ 

lace enclosing the system. i 

Replace for a moment PQR by 
a conducting suri'ace communi- 
cating with the earth. This will 
screen an external particle Wfrom , 
the attraction of ABC, Prop. V. 
Cor. 2. This can only happen 
through a distribution of electricity 
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poi PQM, which produces on IF a force exactly equal and 
iqvposite to that produced by ABC..., 

Let now W be close to the surface, say at P. The re- 
sultant force jP of ABC will here be perpendicular to the sur- 
&ce. , Hence the resultant force due to the induced charge 
irill also be perpendicular to the surface and will equal — F, 
and this will be true for each point on the surface : and there- 
fore by the last proposition this induced distribution is ac- 
cording to the same law as a free distribution. But for a free 
distribution of density p the force just outside is iiirp, hence 

F 

— i^= 47rp, or p = — "7— • 

47r 

This gives ijs the density of the. induced distribution. 

1£ we now distribute electricity over PQR, whose density 

F 
at each point is -f — , we cleaj-ly get a distribution which 

produces on TT a force the same in amount and direction as 
the original distribution ABC, and this distribution is a free 
distribution. 

Hence we may remove the original system ABC. . . and 

replace it as far as actions outside are concerned by the equi- 

' potential surface electrified, so that its electrical density at 

F 
1 each point is -r— • 

I '^ 47r 

i The whole amount of this electrification by Prop. V. Cor. 1 
• is equal to the -whole amount of electricity in ABC..., and we 
may consequently replace the system ABC. . . by the conduct- 
. ing surface JPQR freely electrified with the quantity of elec- 
tricity in the whole system ABC. If the equipotential 
surface do not enclose the whole system but pass between 
two difierent parts the same reasoning applies if we distribute 
over the surface electricity equal in amount to that on the 
part of the system enclosed by the equipotential surface in 
question. 

Cor. It follows that if we have any non-conducting mass 
and any system of electrified conductors distributed within it 
the resultant force on any external electricity can be represent- 
ed by a distribution of eJectricity, partly "positVvei axi^^^^Xk^ 



negative, on the bounding surface of the non-conduclor. 
if we for a moment conceive the bounding surface condudd 
and connected with the earth a chaise will be induced whi 
screens the electrified bodies ineide from all external a 
If thia charge be reversed in respect of positive and neginS 
and spread over the surface of the non-conductor, this disti 
bution satisfies the condition of the problem. 

73. Prop. X. To determine the lav of density over a fret 
electrified surface. 

We have already indicated (Prop. I. Cor. 2) the means! 
which this can be done, but in almost every particular c 
the analysis- baffles us. 

The only method practically useful is indirect and depe 
on the property proved in the last Article. We draw a m 
ber of equipotential surfaces for systems of particles ^ 
different relative amounts of electricity. From such surfed 
we select one which most nearly corresponds to the conduct 
in question. Calculating the force at each point on the Bd 
face and dividing by irr, we get the law of density at ea 
point of the free electrification. 

We can however lay down one general rule that £ 
electrical density of a free electrification is always greatf 
at places of greatest curvature. For it appears from ( 
figure that if we take a tube of force, start- pjg ig_ 

ing from a small area, the greater the 
curvature in the neighbourhood the more 
rapidly will the area of the tube increase. 
But since throughout a tube offeree the pro- 
duct Fa is constant (Chap. II. Prop. VII.), 
we see that if o- increases rapidly either F is very Iarg< 
the surface or diminishes rapidly as we recede from it. N( 
we know the latter not to be the case, since as we recede ' 
force tends to become equal at equal distances, {Chapt 
Prop. XI.). Hence we conclude that near a place of ^ 
curvature Fis very great, and since ii'=4irp just outside 
surface it follows that p, the density, is also very great. 

Similarly at a point or an edge it follows that the di 
will be theoretically infinite. 
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In this case the tube of force starts from a zero base, and 
bat Fa may be constant F must be infinite i-jg. 19. 

I the point or edge, or else F<r must vanish, 
A all distances. As- a matter of fact there 
i-no such thing in nature as a point or an. 
dge, the parts^ we call such being in reality 
oanded ofif. Even if a point did exist we 
mow that the density could not be infinite, since the arr would', 
Older high tension, cease to be an insulator, and would conduct 
iway the electricity. This does, in fact, explain the glow 
ilways seen in the dark at sharp points when electrified. 

74. We have hitherto referred to electrical actions as 
^ing^ place in air, and assuming that the effects might be 
represented by action at a distance have made no reference 
^ the dielectric across which these actions take place.: This 
iras. the universally accepted view on the subject till Faraday 
by a series of experiments established the theoretical result 
£at all actions apparently at a distance are the outcome of 
iction£ taking place iathe intervening dielectric, and also that 
the naiture of tiie dielectric influenced the amount of these 
actions:. 

To explain Faraday*s Theory of Inductive Action we must 
Conceive the air or other dielectric to consist of a. number of 
conducting molecules, separated from each other by layers of 
insulating material. We may perhaps represent the medium 
•8 consisting, of a number of small metallic shot bedded, in 
I tad kept apart from each other by shellac. If now we con- 
ceive a positively electrified conductor surrounded by such a 
medium-, the effect of the electrification is to separate the 
dectricities in the layer next the body, each shot acquiring a^ 
positive and. a negative pole, the negative pole being directed 
towards the conductor. This layer of shot produces an 
eiactly similar electrical separation in the layer next to it, 
•nd 80 on through the whole dielectric, the poles of the con- 
•ecutive molecules always being along the lines of force. The 
degree of electrical separation in each molecule depends on 
ike amount of the original electrification, to which the whole 
.•mount separated over any equipotential siirface is equali 

It is easily shown that the amount of electrical ^e^ax^XKiotv. 
|iaro8s anj equipotential surface bounded by a gwen \Ai\i^ ^1 



force is measured by + - — F/r . For if the surface teeooi 

conduetiEg the amount of electricity on tlie two ends of ll 
tube is equal and opposite. If p ha tlie density of " 
electricity on the base of the tvbe F = i-rrp and thereA 
F(T = i-rrpiT, and since pa- is the quantity of electricity 

the base of the tube Frr = ivQ or Q = —-Fcr. Hence! 

quantity separated across the equipotential surface is measur 
by + 1— Fc, since if + -7— Fa is separated outwards — -r-i 

will be separated inwards. Also since Ft is constant throuj 
out the tube the same quantity is separated across any e^ 
potential surface. 

We may express this by saying that the qttanti 
separated per unit of area across any equipotential 8 

F 
face 18 ± , - . 

The medium is by this means put in a state of strain, 
lines of strain being the lines of force. The medium *ll 
strained tends to return to the normal state by a dischai^ 
electricity from molecule to molecule, -and the greater or * 
facility with which this isefFect«d constitutes better or w 
conduction. A good conductor cannot withstand a K) 
small strain, while a good insulator only yields to a Y" 
violent strain. All bodies in nature fall belwoen the linl 
of a perfect conductor and a perfect insulator. 

We proceed to consider the effect of changing the di 
trie on tho electrical actions of a system. T 

75. Prop. XI. In any given system charged with a giin 
quantity of electricity, the effect of changing the dielectric 
to alter the potential of all bodies in the system in a cerUj 
ratio. 

Take the simplest case, that of a conductor immersed ia 
medium and freely electrified. 

Supposing the medium to extend to an indefinite d| 
tance round the conductor, the whole effect of the system' 
oiectrihcd molecules composing the medium may be repn 
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ented by a distribution of electricity over the inner surface 
f the dielectric (Prop. IX Cor.). Kg. 20, 

Again, assuming the dielectric 
o be electrically homogeneous 
isotropic), or to have no electric 
[wlarity, we see that a change in 
the dielectric cannot produce any 
change in the form of the system 
[rf equipotential surfaces. 

The only effect therefore of changing the dielectric is to 
alter, in a certain ratio, the effective electrification at each 
point. Thus if p he the density at any point on an electri- 
fied conductor, conceived apart from any medium, the effec- 
tive density on that point, when immersed in one medium 



■jp , where K and JC are constants depending only on the 
medium. 

Again, since the potential at any point is £ — , which is 

the same as 2 — , where p is the density on a small area c, it 

V 
a clear that the potential V when in medium A becomes -j^ 



This proves the proposition for a conductor freely electri- 
fied in space, and the same method of proof can clearly be 
extended to any system of electrified bodies whatever, since 
in that case the whole system of equipotential surfaces must 
remain the same and that can only occur when the electri- 
fication is everywhere altered in the same ratio. 

7G. If we have the same conductor immersed first in a 
nedium A and then in a medium £ and broiight from zero 
np to the same potential V, the quantities of electricity are 
in the ratio K to Ji'. For in the medium A ftie i" 



'A" 
larljmthemedium A Q=CKV. Hence as Q : Q" :: fi":- 

Thc ratio K to K' for the two media A and B is 
the ratio of their specific mductive capacities. Siace wi 
nothing of the behaviour of a conductor removed from a 
medium we can only compare different media. Our standatc 
of reference is air, and its specific induction is- taken as*! 
unit and the capacities of all other media compared with if, 

Faraday has shewn experimentally that the specific indoa 
tive capacity of all gases whatever at all temperatures, ai 
pressures is the same, and it is this circumstance, combiiu 
with its excellence as. an insulator, which makes air so a 
venient as a standard. He also found that for all the solid s 
liqmd dielectrics he experimented on the specific inductivi 
capacity was greater than for air. 

Def, Specific inductive cAPAcrrr of any dielectric « 
the ratio of the charge on a conductor immersed in it to lAi 
charge on the same conductor raised to the same potentieS. 
in air. 

In our future investigations we shail, unless the contrary 
is stated, assume all actions to take place in air, our formula 
then heing identical with those proved for action at a distanoft 
and in any case where the dielectric is different from air w 
shall simply have to multiply the capacity of each conductoi^ 
by the specific inductive capacity of the dielectric in cjuestion, 

77. Prop. XII. To calculate the energy exerted in charging 
any conductor. 

By definition the potential is the work done in bringing 
a + unit of electricity from zero up to the given potentia 
and if Q units of electricity be brought up from potential 
zero to potential J^the energy exerted is QV. This however 
is only true on the supposition that the whole amount of 
electricity at potential V is so large that the addition of the 
quantity Q does not sensibly raise the potential. If, how- 
ever, Q represent the whole charge we should infer that the 
energy would he ^QV, since at the beginning the potential 
is at zero at the eud at V, and consequently the avei 
potentm] is ^Fand the whole energy ex.erted iQK 
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We may shew the same result by the graphical method 
jpresenting quantities by abscissae and potentials by or- 
^nates. Since the rise in potential is in a constant propor- 
ion to rise in quantity the extremities of the ordinates are 
oa a straight line. K we now suppose the charge made 
Vy successive small quantities and construct the corre- 
Iponding parallelograms, it is clear that the area of each 
jarallelogram represents the amount of energy expended in 
^ndsing the quantity represented by its base to the potential 
represented by its height. Hence the whole energy is repre- 
sented by the area of the triangle or i^QV, 

We give still another proof of an algebraical kind of this 
very important proposition. 

Let the whole charge Q be communicated to a conductor 
)f capacity Chj n different charges each equal in amount to 
7, so that Q = nq. 

The potential of the first charge q=-k and energy = ^ , 

■" G ~~C ' 

"■ G G ' 



.second 



• . . . 



..third 

and so on. 



^ ~ G ~ C ' 

Hence the whole energy exerted in charging the conductor 

~c'^ c^ a ^'""^ G 

1 

• g' n(n + l)_{ngy n l^f^ T 

~G' 2 ~ G ' ~2~ 2 G V «, 



-x^-iy 



Now if the successive charges be made sufl&ciently small, and 

the number of them suflGiciently great, - may be neglected, 

and we get as before for the whole energy expended in chatt- 
ing the conductor jQF. 



CO APPLICATION OF POTENTIAL 

The principle of the conservation of energy shows us thi 
the energy which runs down in the discharge is equal to tl 
energy which is exerted in the charge, or we may prove it ii 
dependently by assuming the discharge to take place by 
series of n discharges of quantity q. 

The sum of the energy which runs down in the successr 
discharges will be 

<?g. (<?-y) ^, Q-^ „ , , Q-(n-l) ^ 

= n-^-{l + 2 + 3+...+ (n-l)}^ 
Q' n(n-l) <f 

"a 2 ■ C 

~ O 20 \ n) 

As before, if the number of successive discharges be su 
ciently great the whole energy will be 

78. If we have any system of conductors charged w: 
given quantities of electricity, the energy expended in cha 
ing the whole system is the sum of the energies exerted 
charging the separate conductors. 

It might at first sight appear that the order in which t 
dififerent conductors of a system are charged would affect t 
energy, since each charge alters not only the potential of t 
body in question but inductively of all other bodies in t 
system. The conservation of energy shows however that t 
order of charge or discharge must be, on the whole, imm atari 
as otherwise by continually charging a system in one order a 
discharging it in a dififerent order there would be a gain 
energy. The same principle shows us that if we charge 
system of conductors, insulate them and move them about 
any way relatively to each other, the whole work done agaii 



\ _ 
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[ectrical forces is the excess of the energy after the move- 
lents have taken place over the energy of the system when 
rat electrified We shall illustrate the use of this principle 
ereafter. 

It may be worth noticing that the energy of charge or 
ischaxge is the same whether a body be positively or nega- 
vely electrified in free space, since for a positive electri- 
sation Q and Fare both +, and for a negative electrification 
oth — . If however Q be negative and V positive, or vice 
2rsa, the energy of the body is apparently negative. Such an 
^ectrification can only exist when a negatively electrified body 
, in a region of positive potential, and the energy, kinetic or 
otential, acquired or expended in moving the body up into 
lis position must be equal to the change in electrical energy 
F the system. As the negatively electrified body is brought 
p the potential of the rest of the system is lowered and its 
otential is raised. If thS change in potential of the system 
jst balances the energy acquired by the body it is left at 
ero potential. If however the energy acquired is too great 
he energy of the body's free electricfication must be sub- 
ractive, if too little, additive. 

These three cases clearly correspond to the cases in which 
he potential is zero, + and — respectively. 



CHAPTER IV. 



PROBLEMS IN STATICAL ELECTRICITY. 

79. We have in the preceding chapter given demoo 
strations of the most important theorems on which th 
science of Statical Electricity rests, and we now append 
series of problems, many of which are of the greatest im 
portance to the practical electrician, while others are intrc 
duced with a view of suggesting to the student methods b 
which other similar problems may be successfully attacked, 

80. Prop. I. To find the potential at any point within 
sphere freely electrified with a known quantity of electricity. 

Let R be the radius of the sphere, and Q the quantit 
of electricity. Since the electrification is free, the potentij 
is constant throughout the sphere, and has the same valu 
as at the centre. 

But all parts of the electrification are at the sam 
distance, R, from the centre, and the potential 2 - become 

R R' 

Hence if V be the potential at any point within th 

sphere ^=-n» 

To find the capacity of the sphere, we have only t 
remember that if F= 1, Q= C; 

C 
/. 1= nOr C=R. 

Hence the capacity is numerically equal to the radius. 
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"We might therefore define unit capacity as the capacity 
of a sphere whose radius is one centimetre electrified freely 
;to unit potential. 

81. We now give a direct proof of the above pro- 
position« Let APB be a spherical shell freely electrified with 
a charge whose density at any point is p. 

Let be any point inside the sphere, and A OB the 
diameter. We may conceive the Fig. 21. 

sphere as generated by the revo- 
\. lution of a circle APB round the 
diameter AB, 

K we take two points PQ very 
near each other on the circle, and 
draw perpendiculars PJf, QN to 
the diameter, it is clear that PQby 
its revolution traces out an an- 

nulus, whose radius is PM, and breadth PQ, every point on 
which will be assumed equidistant from 0. 

Join OPy OQ, CP; draw QS perpendicular to OP, and 
join PQ, producing it to cut AB produced in T, Then PT 
will be the tangent at P, and will be perpendicular to CP. 

Area of annulus = 27r PQ . PM; 

.*. potential of annulus = 2'n'p . — ^p 

= 27rp.PQsmP0G=27rp,^^^-^p^.BmP0G 

= 27rp.P8. gin (jpQ = ^'^P 'f^^* 
if a = radius of sphere, and/= 00. 

Now since 0Q8 is a right-angled triangle, whose vertical 
angle is exceedingly small, no appreciable error will be 
committed if we assume 0Q=- OS, and make PS = OP— Q, 

Hence the potential of the annulus 

= 27rpj{0P-0Q). 
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If we add these successive diflferences for all the annoli 
of which we may suppose the sphere composed, we have for j 
the potential of the whole shell 



= 4i7rpa, 

which is independent of f, and therefore constant for all J 
internal points. 

82. We can now deduce the area of the sphere by sum- 
ming the areas of the elementary annuli. The area of the 
annulus formed by the revolution oi PQ 

= 27rPJf.PQ 

= 27rOP. sin POa.PQ 

= 27rOP. sin PO C . -^^^.^ 

cos QFO 

= 27r ^ ^P (OP -0^), by Art. 81, . 

we may assume without error 20P= 0P+ OQ; 

:. area of annulus = t 2. {OP' — OQ^); 

adding up all the annuli, the whole area 

= y{OB'-OA^) 

Hence if the electrical distribution have a uniform density 
p, the whole quantity 

n _- A 2 . . 
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.-. F=47rap = — , 



a 
b. agrees with the former result. 

Prop. n. To show that the potential oi a unifbrmly 
dfied spherical shell at any point without it is the same 
tlie "wliole quantity were collected at its centre. 

Taking the same construction as before, remembering 
O is now external, we have by Art. 81,. 

Fig. 22. 




otential of annulus = ^ ^' — - 

= 27rp.PQsmP0G 

PS 

= 2Trp . TTTTFi- sinPOC? 

'^ cos OFQ 

, .lr«?(OP-0«). 

mming up the successive differences, we have 
potential of sphere = — ^ (OB — OA) 



27rpa 



f 

__ 4i7rpa^ __ Q 

~~f 7' 

emembering that Q = 47ra'/>. 



(/+«-/_ a) 



C.£ 
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Hence the potential of the shell is the same as i 
whole quantity were collected at its centre. 

Cor. 1. It follows that the attraction of a unifi 
electrified spherical shell on any external electricity i 
same as if the whole quantity on the sphere were collect 
its centre. For since the potentials are the same on ( 
external point, the rate of change of potential in any ( 
tion must also be the same, and this measures the elec 
force, which is consequently the same as if the whole qua 
of electricity were accumulated at the centre. 

84. Prop. in. The average potential over any sphe: 
space is the same as the potential at its centre, supposii 
electricity external to the sphere. (Gauss.) 

By the term 'average potential,' we understand that 
sphere's surface is cut up into a large number of equal a 
the average potentials over all the areas added, and the r 
divided by the sum of the areas. If the areas are not 6' 
we must multiply each potential by the area over which 
calculated, and divide by the sum of all the areas. We a 
the latter method, and with our usual notation we define 

average potential over the sphere by -;^— , where V is 

potential at any point, and a the elementary area over w 
V is taken. Consider one electrified 'particle and le 
quantity of electricity be denoted by m. 

Then, in fig. 22, the potential over the annulus PQ w 
area is 27rPQ.PM, due to a quantity m at the point 0, 

be taken as j^py 

,, 27rPif . PQ . m 



= 27rm . 



OP 

PM^PQ 
OP 



And by last Article, 

PM PQ 
27rm . — (Jp ~ potential at of a distribution of dei 

m over the annulus. 
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ice summing over the whole sphere 

PM .PQ 



2 Fcr = 27rmS 
_ AtTro?m 



Ot 
(Prop. II.). 



^ = — = potential at centre due to quantity m at 0, 
-^ J 

proves the proposition as far as a single electrified 
5 is concerned. In the same way the proposition will 
for any system of electrified particles taken separately, 
jrefore when added together. 

Prop. IV. The potential anywhere within an nnelectrified 
iing sphere is the same as the potential at its centre due 
inducing electrical system. 

5 potential at the centre is made up of the potential 
inducing system, and of the induced distribution on 
here. But since the sphere's electrification is only 
1, there must be equal amounts of positive and nega- 
3ctricity equally distant from the centre. Hence the 
al due to the induced charge is nil, and the only 
al at the centre is that due to the inducing system. 
' Art. 63, in every case the potential throughout the 
is the same as at its centre. 

\. 1. If the sphere were first raised to a given 
al, and then introduced into the electrical system, the 
al of the sphere would be raised by the potential at 
:re due to the electrical system. 

R. 2. It also follows that if a sphere be charged with 
tity Qy and placed near a system of external electrified 
3s, containing quantities m^, m^ . . . of electricity, and at 
es /i, ^2... from the centre of the sphere, the potential 
given by 



a f 



%—% 



\ 



G8 
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and supposing the sphere brought to potential V, the quantiijj 
of its electrification is given by 



m 



Cor. 3. This principle may be extended to any cx^] 
ductor, showing that the potential anywhere within the 
ductor is the potential of an equipotential surface, which 
the conductor in the line of neutral electrification. Let A be' 
the charged body, and B an i^nelectrified body near it 
force due to B's electrification Fig. 23. 

at any point within it, is equal ^ j 

and opposite to the force due to t^^^ * * * , 

that of A. Hence the equipo- jr V ^ C ^77/ * 

tential surfaces due to JB's elec- -K.^^*- ^"^ '" 

trification and to A's, coincide "^^ 

in position, but are not of the 

same absolute value. Again, 

considering B's electrification 

only, it is clear that in passing from any positively to any 

negatively electrified portion of B, we must pass through » 

point of zero potential. Hence the surface of zero poten ' 

passes through the line of neutral electrification. 

At any point on this surface the whole potential is tW 
due to Ay and the potential everywhere within 5 is ihd 
potential of the equipotential surface which passes througk 
the neutral line. 

We see therefore that the potential of B is intermediate 
between the potentials at b and c due to A, and the function 
of the induced negative charge at b is to keep the potential 
down, and that of the positive charge at c to keep the poten- 
tial up to the mean value. 

86. Prop. V. To investigate the potential of a ssrstem coft 
sisting of a sphere and a concentric spherical shell insulated fro> 
it, both being charged with known quantities of electricity. 

Let be the common centre, A the sphere charged witn 
a quantity Q of electricity, B the inner and G the out6l 
surface of the spherical shell, which is charged with Qf uni' 
of electricity. 
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Now we have to consider not only Fig- 24. 

the distribution of Q on A, and Q^ on 
C, but also the charge induced on B, 
which will be, by -Art. 68, equal and 
opposite to Q (i.e.=- Q), the distribu- 
tion complementary to this going to 
the outer surface G and making a 
quantity ^ + ^ on G. 

Then potential throughout A is 
same as potential at 0, and 

''OA OB'^ OG • 

The potential just outside G is the same as if all the 

electricity were collected at and .\ = —^^r^. 
^ OG 

Thus we see that if F^ be the potential mthin -4, and 
Y^ the potential at (?, ' 

Q 

w, suppose. 





V.- 


Va = 


Q 

OA 


Q 
0B~ 


Q 


gain, 


'^y. 


-V, 




RE 





Thus we see that ii R — B be suflSciently diminished the 
capacity becomes enormously increased. 

Such an arrangement is called a condenser. The outer 
coat is generally connected with the earth, and therefore at 
zero potential, and we have, if F be the potential of the 
inner coat, and Q the quantity of electricity accumulated, 

If the outer surface be not at zero, the charge Q + ^ is 
8poken of as the free charge, and in any arrangement in 
which the inner coat is not completely internal it will also 
have a free charge. 
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87. Prop. VX To find the capacity of a condenser 
of two parallel plates electrified to given potentials. 

Let A, B be the two plates, of which A is Fig. 25. 
at potential F^, and B at potential V^. A B 

Neglecting a portion of the plates near 
the edge, we see that we have three electrical 
systems to consider, the outer surfaces £•/ and 
8^ of A and B being freely electrified, while the 
inner surfaces act on each other ; these systems 
being screened from each other by the substance 
of the conducting plates. We at present con- 
sider the bound charge only, produced by the action on each 
other of the surfaces 8^ and 8^y which are at potentials V^ \ 
and F^. 

Neglecting a portion round the edge, the lines of 
force which cut both surfaces at right angles are a system 
of parallel lines: the tubes of force formed by them are^] 
cylinders : and in virtue of the relation I\7 = constant, and 
flp = a constant, F must be constant everywhere between A 
and B. 

Again, the potential between A and B changes from T^ 
to F,. 

F- F 

— —J___2 
t 



Hence the rate of change of potential = 

is the distance between 8^ and 8^ 

Hence the force anywhere between these surfaces 



where t 



1 



v.-v^ 



t 



(Art. 37.) 



Again, if p be the density at any point on an electrified, 
surface, the force just outside = 47r/j ; 



F.-K 



2 



t 



= 4!7rp, 



OT p = 



' 1 



F- F 



4i7rt 



and if 8 be the area of the surface, Q = pS; 
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But if V,-r,= l. Q = C; 

Again, since tubes of force pass from 8^ to 8^ there must 
be equal quantities of electricity, of opposite signs, on the two 
surfaces. 

Hence the quantity on ^ = — Q = — a .^ — • 

If the dielectric between S^ and 8^ be not air but glass, or 
Wellac, a substance whose inductive capacity is represented 

^here t' =-^ = thickness ' reduced to air J 

To complete the investigation we ought to find the 
imount of the free charge on the two surfaces 8^ and S^ ; 
his can only be done in a few particular cases. If however 
heir capacities be Cj, and C^ the quantities of the free 
barges will be C^V^ and. G^V^ respectively. 

The same theory can be applied to every form of con- 
enser, provided the thickness be small and the two surfaces 
very where parallel. 

In the common form of Leyden jar, where the outer coat 

; connected with the earth, and the inner coat is nearly 

closed surface, the free charge is only the charge of the 

nob and wire, which project from the inner coat and are 

Bed for charging it. 

88. Prop. Vn. To find the attraction between the opposite 
lates of the condenser in the last Article. 

Let J. be a movable and Ra, fixed plate. 
Then if p be the density at any point on, ^, 

F- V 
\ ^ = 47rp; 

•nd since the density on J? is — p, the force produced by B 
tear an element of it is 27rp. (Art. 31.) 






r-.'- 



^ - ■ ^ 



--^r.". t iitncriLvL -friacse iznin. ljl i:»ieET« 



■^ •• r ^' f . 



■*••." ,'x ^l:ii):U'^ J-n iEZZaCTCtL _Li->*urJ3D 



-.-A.-,, /r.- , ;-. :7 .■.- :7T^: -t fcrG- -aiL ?e^ LT^wn. Till i 
•^ * '•^,-' M-*/^ ..#!:• ^:i ri -'.le ■•ieiiirfirs x:. t:, ^^ill l.'t 



• 



M , ^.-../ ... rt^/. ^ — v,»".'. .r.4 ^'i,:!** ic JUT 

^ 

/-;/'o/r O,' t'/f**. i^ffff^ yh^X fAWKJnth A -'' 

r- ni**i\t hjt fff tf tffft*^ f\nt; f// h h,w\ arifOtLer due to A. I 
M/'' j/*i/*'. )//. tf'ifft.'.tfth4\ \ fy ihh fractioia X and \ resp 
</ /' (/ U* ti*-f: M»' >Vif/''. M, mijr jy^int ir, is rlXVp ; andt 

( 47r ^ 
'I'liilM IIm< fiiMi* Oh nnrh I'lnrrMttit/ varies as (T^— F)*, a 
Mm- M'"mIImiiI h( fill MHi'li I'loiiM'tilnry forces will therefore a 
VMM' MM I \\ I j' 

• h hImmiIiI Imi (inih'tnl ilnii ililM |»i'oi>oHiti<m is only true when 
HH*Jrtw» vwWwU (•thiUiHim MiM i»lln»r, mi oUu»rwi80 lOl lines of force do 
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Fig. 27. 
ABC 



90. Fropr Vm. Two fixed plates are kept at potentials Vi 
and V3 and a third movable plate kept at potential Vs is placed 
qrmmetrically between them, to find the resultant force on the 
middle plate. 

Supposing V^ to be greater than V^ and 
r F„ and F, > V^. 

By the last proposition for the attraction 
of A on B, 

j; = -^(7^-FJ", where fi^ = area of 5 : 

also the force exerted by on B, 

S 



• 




^ 


^ 



Hence resultant force towards (7, the 
plate of lower potential, 



X ^ y. 



47r«'\ * 



' 1 ^^ s 



(n-F3), 



the formula which is used in the quadrant electrometer, and 
which the corollary to the last proposition shows to be true 
whatever be the form of A and G, supposing them to be 
Bymmetrical, making a proper modification of the constant 
multiplier. This constant is in practice determined for each 
quadrant electrometer by comparing it with an absolute 
electrometer. 

91. Prop. IX. To calculate the energy of the discharge of a 
Leydenjar. 

Referring to Prop. VI. we see that we have a quantity 

- ^ A, — at potential F^, and a quantity — ^ — ^ — at 

potential V^ Hence (Art. 78) the whole energy of the bound 
charge 

■ l (F.-F,)fi' 3, (F.-F,)^ 



Thia is the formula generally used, but we must add tftfl 
this the energy of discharge of the two free charges if the JAFS 
be completely discharged. Thia will be ^ C^V'-j-^ C^ F,', aM 
Bmall quantity which in practice may be neglected. fl 

This formula also supplies ua with the heating power offl 
the discharge, since when work ia done in no other formbyanl 
electrical dischaige its energy is converted into heat. To givftl 
the result in absolute thermal units we must divide by Joule'sM 
mechanical equivalent of heat. ^^B 

92. The whole energy expressed in the above foi^^^H 
can never he obtained in practice when the dielectric Is <^^^H 
ent from air, owing to apparent absorption by the diel^^^H 
of part of the charge. Although this portion of the c^^^| 
can be regained as the residual chaise it is obvious therfl^^^| 
be a loss of energy when the discharge takes place in 9|^| 
portions instead of all at once. In fac^ if K be the poteosflH 
and Q the quantity of the first discharge, and v the potentidH 
and q the quantity of the residual discharge, the energy obS 
tained on the double discbarge = ^ ( VQ -h vq), wliile the wboln 
energy is ^{V+v){Q + q). 1 

93. Prop. X- A Leyden jar having capacity for bonnd cliarg9 1 

G has an inner coat whose frea capacity is C, and an enter coat J 
whose firee capacity is C,. The jar is charged to potential 7 and I 
insulated and the knob is then connected with the ground. Tu 
find the potential of the outer coat and the charge of the jar. ^^M 

Lot the quantity of electricity on inner coat ^^| 

= (2, = CC+C,)F, ^M 

and the quantity on outer coat = Q^ = — CV. ^^H 

When the inner coat is connected with the ground ^^| 
charge of the outer coat is divided between bound aud-|^H 
charge in the ratio C: C^. ^^H 

.'. Bound charge of outer coat ^^H 

.,.„c_ c^ ■ 

Free charge of outer coat = jr^ji Qi J ^^^^^^B 



PROBLEMS IN STATICAL ELECTRICITY. 75 

.•. Potential of outer coat = rirr = "" rr — n - 
Also tlie amount of electricity on inner coat 

■■■ Loss = {l - (cr^ c^^^fj^ C-i ^^- 

91. Prop. XL A Leyden jar is charged and insulated. Sue- 
contacts are made with the inner and outer coats. Find 
amount of electricity removed by n contacts with inner or 
coat. 

Using the notation of the preceding Article, and writing 

,— -^= m and ^ ^ = m', we see that when the outer coat 

to earth, the charge on inner coat is divided in the ratio 
:l — m between bound and free charsre. Also when the 
iob is to earth the charge on outer coat is divided in the 
itio m' : 1 — m. We see therefore 

ki first contact with knob: 

Free charge on outer coat = (1 — m') Q.^, 
Bound charge =mQ^^ — mmQ^. 

At first contact with outer coat: 

Free charge on inner coat = (1 — m) mm'Q^y 
Bound charge =m^mQ^ — — mm!Q^, 

At second contact with knob: 

Free charge on outer coat = (1 — m') mm'Q^, 
Bound =mm'^Q^= — m^m^Q^, 

By similar reasoning after n contacts with knob: 
Free charge on outer coat = (1 — m') m**"^w'**"^Q2, 

Bound = m"" V^Qa = - '^"^'''Qi- 

Hence the amount removed by n contacts with knob 

= Q,(l-m"m"»), 
tod quantity removed by n contacts with outer coat 



But generally C, and C, are very small compared w^^^f 
and therefore vt, m fractions very near uaity. Hence ^^^^| 
that a large fraction of the charge remains after num^v^| 
contacts, and it would require an infinite number uf contadB 
to discharge the j'ar. ■ 

95. Prop. xn. Two Leyden jars are charged to differoM 
potentials and afterwards hare their knobs brought into contacM 
the outer coats being kept in connection with the earth. To finJI 
the potential of each jar after contact. ■ 

Let Cj, (7, be the capacities, and V^, V^ the potentials M 
the jars, and let V be their common potential after cont ariB 
Then since the whole araoimt on the inner coats is unalt^AH 

•• ^ - G^+C^ ' ^H 

an equation for V, ^^H 

Cor. It follows that thei-e will always be a loss of G^^^| 

when two jars at different potentials are united. ^^H 

For energy before contact = ^ ((?, V' + C, F,*), ^ 

/O V + C V\* I 

energy after contact = ^ (G^ + C^ f ^^ r^~~^ llfB 

Now (0. V^ + C^ F/) ((7, + CJ > or < (C, K, + C,FJ*,^H 
as C,0,(7,= +F,') >or<2C.C,7.F„ ^H 

or as ( K ~ K)* > or < ; ^^^H 

the left-hand side is obviously the greater, and hence th^^^f 
of the energies of the separate jars is greater than tli^^H 
the two combined. ^^H 

96. It was by a particular experimental application ofl 
the above that Faraday determined the specific inJuetiTS 
capacity of different substances. He constructed two exactlfl 
similar Leyden jars, the coatings of which were so arrangefl 
that the dielectric could be changed at pleasure. One of tlM 
jara had air for its dielectric, and the other the substance im 
be experimented upon. ■ 

Let now K be the unknown specific inductive capacitja 
then if G be the capacity of the jar with air, CK ia taa 
cspacitj with other substance as dielectric. ^^H 



and 
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Iiet now the jar with air be raised to potential F. On 
r"idividing the charge with the other jar, which is uncharged, 
^the potential V evidently becomes 

CV ^^^^ 

r(i+ir)=F, 



or 



K^ 



V 



\ Now V and V are determined by experiment, after the 

: operations indicated, and the value of K for the substance in • 
' question becomes known. 

97. Prop. XTTT. To show that the whole charge in a battery 
of similar jars charged by cascade only equals the charge of a 
sin^e jar. 

Liet A, B^ C be such a series of jars of which the first is 
brought up to potential V, and the last is to earth. 

Fig. 28. 




^ 



rn 



^ 



-o(v 



Let the potential of the knob of JB and of the outer coat- 
ing of ^ be Fj. 

Let the potential of the knob of C and of the outer coat- 
ing of -B be F,. 

And let C be the capacity of each jar. 

Then the equal quantities in the three jars are 

Hence the whole charge in the battery 

= GV 

= charge of single jar charged alone to the same 
potential. 

The same method applies to any number of jars. 
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98. Prop. SIV- To find the work done by a, conducting plaUJ 
communicating with the earth which is allowed to move i 
paxaUel to another equal plate which is kept at constant potentdi 

The principle of Art. 78 might here be employed, si&c&tl 
is clear the work done is stored up in the form of elect * " 
energy, and the energy obtained on discharging the t 
denser is the equivalent of the work so stored up. 

In this case we give an independent investigation. 

Let A he the plate kept at constant potential, and .fit! 
connected with the eaiih. 

Fig. 39. 



^ 



By Prop. VII. the force on S= 5— tj™ • 

V 

The average force through the element PQ is ^ ? , n nn -v 

oTT . uJr . Ofj 1 

Hence the work done by the plate in 



PtoQ 



: up from! 



VS .FQ 
'Utt.O'F.OQ 
V'S OP-OQ_VSf 1 
Hit [oQ' 



bpj- 



Sir ' OF.C _ 

Adding up the work done on successive elements ofj 
path we see that if t be the ultimate distance, 

V'S 1 
whole work = ~ — ■ :i =^Q V, 

as might have been anticipated. 

99. We now give an example in which the work dm 
is deduced from the change in energy of the system. 

Prop. XV. Two plates are placed parallel to each other, I 
charged as a condenser, insulated, and separated to an infinite J 
diBtance. To find the work done in the removal- 
Let C he the capacity of the bound charge, and C the I 
capacity of free charge in condenser. The free capacity I 



k fc^ 
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: varies 'with every new position of the plates ; we shall how- 

- ever assume here that when both sides of the plates are 

electrified freely the capacity of the free charge becomes 

doubled, i.e. when the plates are entirely removed from each 

otiier^s influence the capacity of each becomes 20', 

This assumption would be correct supposing the two plates 
to "begin with were indefinitely near together, since in that 
case their external surfaces would be electrified as a single 
plate ; but after separation they would be electrified as two 
separate plates, each of the same size as the former. We can 
therefore only assume the result as more than approximately 
true in practice when the distance of the plates is very 
small. 

After charging the amount on the positive plate is 

{G+G')Z 
and its energy of discharge is ^F^ ((7+ C), 

The quantity on the negative plate is 

-cv, 

and its potential zero. 

Hence the energy of the whole system 

After removal the quantity on each plate is unaltered, but 
the capacity, as assumed above, is 2(7. 

C + C 
Hence potential of positive plate = ^, V, 

and the energy of its discharge = j^— — ; 

and the energy of negative plate = -rpr • 
Hence gain of energy 

" 4Cr 2 

= ^{(G+CY+c^2(f{c+cr)} 

= work done in separation of plates. 



so 
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100. The next two propositions will be found nsefol 
coDsidering some cases of induced electricity. 

Def. a System of Equipotential Surfaces 
a system of surfaces such that the difference of 
between any two consecutive surfaces of the system is 

101. Prop. XVL In a system of eqnipotential smfsuses thei 
tance of consecntive surfaces increases as the potential 

Let d be the distance of two consecutive surfaces m( 
along a line of force, and F the average value of the force 
direction of a line of force. Then between each succean! 
pair of surfaces Fd is constant, and it is clear that as 
diminishes d increases; or the distance of coi 
surfaces grows greater as the force grows less. Now it il 
clear that force and potential increase or diminish togethe 
as we draw nearer to or recede further from attracting 
and the distance of consecutive surfaces consequently in-j 
creases as the potential diminishes. 

Cor. There will be an induced current in any conduc 

moving near an electrified system. For draw any system 

equipotential surfaces, and let a conductor move from the 

position AB to A'B', 

Fig. 30. 




:a 



It is clear that the difference of potential between A and 
7? is one unit, while that between Aff is two units. Hence 
as the body moves into regions of greater potential, the, 
difference of potential of its ends constantly increases, and ■ 
to equalize this increasing inequality, a flow of electricity 
follows in the direction for + electricity from B to A, as loi^^ 
as the movement across equipotential surfaces lasts. 

102. Prop. XVII. To calculate the rate of motion of any 
point on an equipotential surface of given value as the electrifi* 
cation of the system proceeds. 

Let AB be an equipotential surface of value Fwhen the 
charge of the system is M, and let A'B be the equipotential 
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of same value when the system has received a small 

5- be an element of the electrification distant r ^^^' ^^' 
the potential at the point Q 

r 
ow the charge Jbf receive ^ small increpient g, ^ 

.sity 9,t each point alters in ratio -^ , Hence 

ential at Q rises t>y ^ K 

•j the potential g^^t P is now F. 

nee the work done on a + unit carried from P to Q 

= -?-F 
M ' 

is also equals Fn, where F is the resyltaiit force, and n 
gth PQ; 

the rate of motion of the surface at P varies jointly 

potential and the rate of electrification, and varies 

3ly jointly as the whole charge and the force at the 

R, 1, Since V is represented by 2^, and F by 

.s <f>y where ^ \& the angle between the normal to the 

V 
3 and r, it is clear that -jp or 

22 

r 



2 T cos ^ 

a the whole increase as r on the whole increases, i. e. as 
linisfaes. Hence, on the whole, the lower ec!jy3LY^o\,^\i>C\^ 
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irfaces movo during electrification more rapidly than 
[urfacea at which the potential has a higher value. 

Cor. 2. It follows from the last Cor. that there will be 
fcduced current in a conductor during the electrificat 
if any neighbouring conductor. For in fig. 30 the poteni 
rfaces at A are moving more rapidly than those at 
ence the diiiference of potentials at A and B ia conatai 
bim-easing, or S& potential relatively to A constantly rial 
nrhich determines a flow of electricity from Bto A. 

103. We have already shown. Art. 72, that if we have 
tauipotential conducting sur^e passing between two pi 
jfan electrical Hystum, we may substitute a free electofj 

nion of that surface for either part of the system as 

1 actions on the opposite side of the surface are conc^B 

One of these systems is then called the electrical imi 

Bpf the other. The following formal definition is due 

Prof. Clerk Maxwell. 

Dep. "An electrical imaog is a point or system 
^points on one side of an electrified surface which prodi 
Pon the other side of that surface the same electrical act 
IB the actual electnfioation does produce." 

104. To illustrate the method, suppose we are requi 
find the electrical force at any point due to a system o 

iliBtiug of an electrified point, and an infinite conduct 
" me connected with the earth. 

Let A be the electrified point containing m nnita 



Fig. 82. 



telectricity, and DE the conducting plate. 
|Praw AF perpendicular to DE, and pro- 
duce \%tii B, so th&l FB=FA = p. If we 
Lgine a quantity — m of electricity at B, 

t is clear that for the system m at ^4 and 

- m at B, DE will he a surface at zero- 

lotential. For the potential at any point 

s vr-7 — yrji = Oj fcecause DB = DA. 

Hence we may substitute for the electri- "" 
ffication of the plate the charged point 5, as far as placCT 
' B left of DE are concerned. 

To find the density at any point on the plate, we h: 
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►nly to find the resultant force due to the electrified points 
1 and S, and divide by 47r. 

This resultant will be normal to the plate, and consists of 
mo components, one repulsive along AD, and one attractive 
HougDB. Hence, 

Resultant force = -5^5 cos BDQ + -rr^cos HDG 

JDjLr Air 



2m 

cos 






"■ Air AD^ ' AD " Air 

knd is directed to the right of DE. Hence the density will 
be negative, and at point D 

_ imp _ mp 

'"^4i7rAD''"'27rAir' 

*r the density varies inversely as the cube of the distance 
i^om the electrified point. 

105. We may deduce next the electrical influence of 
t point on a sphere by considering two points having charges 
\ and — e, of electricity placed at points A, B, We shall 
lave for the potential at any point distant r^ and r^ from 
I, B respectively 



Hence for surface of zero-potential 

— = — , or r, : r- :: e, : e^ 

'1 '» 

Or, the distances of any point on the surface from A and 
t are in the constant ratio e^ to e^. 

We can easily show that the locus of a point satisfying 
bis condition is a sphere. 

Fig. 33. 

P 




^—^ 



f • 
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I 

For let P be a point on the locus, and e^ greater numeri- 
cally than e^. Divide AB internally and externally in CD, 
80 that 

AC: CB::AD:DB::e,: e^ (i). 

Hence AP: PB :: AC : CB; /. PC bisects APB, 

and AP:PB::AD:DB; .\ PD bisects APB externally; 

.'. CPD is a right angle. 

Hence the locus of P on the plane of the paper will be 
a circle whose diameter is CD: and the same property will 
be true for each point on the sphere whose diameter is CD. 

106. To determine the position and dimensions of the 
sphere we have the following relations. 

From (i) we have 

AC+CB : CB :: e^ + e^ : e^; 

/. CB=^-^ AB sjii AC =^-^^AB (ii). 

Again from (i), 

AD^DB : DB :: e.-^e^ : e^, 

.-. DB==—^AB and AD^—'~AB (iii). 

6j — Cj ^1 — ^« 

Aho CD = CB + BD==-^^AB+-^^AB = -i^.AB. 

e, + e^ «!-«. «i -^2 

Hence radius of circle = u ^ ' « » AB (iv). 

And EB=:CE^CB=-^^.AB ^AB^-^^^AB 

Similarly EA^^^EC\ 

/. EB .EA^EC. 

A and B are called conjugate points with reference to the * 
sphere* 



PBOBLEMS IN STATICAL JELECTRICITY. 85 

Hence we see that for either e^ at A, or — e^ at B, we 
m&j, as far b^ actions on the opposite side of the sphere are 
concerned^ substitute the electrified surface ; and, conversely, 
for the electrified surface, we may substitute these points. 

107. To find the density at any point, we have to find 
the resultant force at any point on the spherical surface, and 
as before divide it by 4nr. 

Fig. 34. 




The forces on F are clearly -\ along AP, and -| along 

PB, and their resultant is along PE, since it is normal to 
the equipotential surface. Let F be the magnitude of the 
resultant, then completing the parallelogram EKPL, 

F : component in AP :: PE : PK, 

PE e, 

""'^^PK^r 
and by similar triangles 

PK : BE :: AP: AB, 

AB 

, . . „ AB . PE e, e^ - e^ 

substitutmg -^=— bF~* ;ra = Q^' e« ' r' 

if a be the radius of the sphere. 

Since this resultant is inwards, we must express the 
density by 



8 ' 
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and we conclude that a diBtribiitioti whoae density is given 
by the above law produces within the sphere a force equal 
and opposite to c, at A, and without tho sphere a force equf^ 
to — e, at B, and is therefore the distribution produced by^ 
placed at A, 

Again, if the density at P be expressed by 



we conclude that this distribution produces withoiq 
sphere a force equal and opposite to that of — e, at / 
within the sphere a force equal and opposite to that of ft 
The whole quantity of tho distribution being in ^ 
case ± e,. 



(i) In the/rsi case let ^£=/ then S£:= 
and /= - a. 



/■ 



Hence the law of density beconaes, on substitution I 
and reduction. 



7" 



(ii) In the second case let BE=f, then AE = 

and f' = ~a. 
Hence substituting for e, the law of density ia 

"We see now that we can include both cases in tha'g 
Tollowing statement ; 

If there be taken on the radius of a sphere two conjugate 
points, and a quantity of electricity e be placed at one e" 
them whose distance from the centre is /, it will inda( 
distribution over the sphere whose law of density is 
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where r «= distance from the electrified point 

and a = radius of sphere, 

[ the resultant effect of this distribution on all points 

the same side of the spherical surface is the same as 

% particle at the conjugate point having a charge repre- 

ted by — -Ti e; the whole quantity of the distribution being, 

3n the electrified point is within the sphere, — e, and when 

hout the sphere, — -> ^. 

108. The following direct geometrical proof of the pro- 
ition of the preceding article is a modification of that 
finally given by Sir William Thomson. 

Prop. XVni A distribution of matter is made over a spherical 
Eace whose density at any point varies inversely as the cube 
its distance from a fixed point, show that the potential of the 
tribntion at any point on the opposite side of the spherical 
tSLce is the same as that due to a certain quantity of matter at 
given fixed point. 

Suppose 8 the given fixed point in Fig. (a) external, and 
Fig. (b) internal, and let P be a point on the opposite side 
the spherical surface on which we shall estimate the 
ential ; 

Fig. 35. 

(a) (6) 




Fig. (a) the distance of 8 from the centre f. an I in 
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Join SP and produce it to Tso that 

Fig. (a) 8P.ST=-f^a\ 
Fig. (J) 8P.ST^a'^f\ 

Through 8 draw any line meeting the sphere in E 
K, join PE and TK ; 

,\ 8E.8^=8P.8Tmhoth&giiteB; 

'.'. the triangles 8EP, STK&re similar. 

Conceive now the line KE8 to move so as to trace out 
small cone whose vertex is 8, and which cuts the spheri 
surface in elementary areas E and K. It is clear that 
and K are corresponding elements, so that the whole surfi 
is exhausted simultatitously by a series of elements jF and iC 

Now the potential at the point P due to the element 
of the distribution, 

_ mass of E 

EP ' 

\ 

and density at jF = -oTts 5 

.'. potential due to ^= ™ — ^„^ . 

Again, since the tangent planes at E, K are equally inclined 
to 8EK, 

E : K :: 8E^ : 8K^; 

■'■ P^*"''*^^^ due to ^= -^^-g^—^-^, = _______ ; ^ 

also by similar triangles EP : 8P :: TK : 8K, 

.: EP . 8K= SP . TK, 

\K 

.*. potential due to -ff = cm i ^^ «^ — mrr ; 

^ 8P (y — a ) . TK 

1 \K 

/, potential of sphere = ^p . .^ gr . 2 jpj^ . 

XK 
But 2 7p^ represeiits the potential at 7 of a uniform dis- 
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tributiori whose density is \, which by Prop. 1 is 47r\a, since 
T is necessarily an internal point. 

Hence the potential of the sphere on P = -j^ ^\~^P 

= potential on P of a mass -^ — -^ at S, 

J -a 

or substituting electric distribution for matter, and reversing 
the sign of the distribution on the sphere, 

Potential due to quantity t^j « at 5 + Potential due to 

/ ^ a 

the distribution of density — ;tt^ = 0, on any point P on the 
opposite side of the surface to 8. 

And this is the condition which must be satisfied by the 
distribution induced by an electrified particle at S (Art. 63). 

If we put m = — rj jf , we get 

Potential due to m at 5 + Potential due to distribution of 

density — ^ -Ij^- = 0, at any point on the opposite side 

of the surface. 

To find the whole quantity distributed over the sphere 
we see 

quantity on element E= ^. = ^^^^^^ = ^jr^^^R = 
/. quantity distributed = -^^ — ^ 2 -^ , 

and 2 -o^= potential at 8 ot a uniform distribution of 
density X. 

In figure (a) 8 is external, 



and the whole amount of diatributiou = ., „ ■ 



Id figure (i) S Ls internal, ami 



.". wliole amount of distribution - 



as lias been already sbown. 

By choosing conjugate points, it is easy to allow tbat the 
two distributions, one derived from the external and the 
other from the internal point, are identical, and the pro* 
position of Art. 107 follows immediately. 

109. In the nest few Articles we give the investigati^ 
of two cases of electrification very useful in practice; the 
first that of a thin circular plate, tlie Second that of a veryV 
thin and long cylinder, Wc may regard both these cases 
the limiting form of a spheroid, which in the first cs 
becomes extremely oblate, and in the second case extremely 
prolate. We require therefore the following preliminary 
proposition. 

Prop. SIX, To show that the attraction of a homogeneous 
shell hounded hy two similar and similarly situated spheroids on 
an. internal point vanishes. 

Let be the internal point, and let any cone of small 
vertical angle cut off from the bound- pi„ gg_ 

ing surfaces the element Pm and Ng. 

Since any section of the shell 
consists of two similar ellipses, the jf 
same diameter will bisect FQ and i?,' 
pq ; .: Fp= Qq, and similarly Mm = 
An. 

Hence the two small frusta Pm,, 
Qti are of the same thictnesa, and 
since the vertical angle is small, their masses are proportional 
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to OjP* and 0Q\ and their attractions on are inversely 
in this ratio, and are therefore equal and in opposite direc- 
tions. The same is true for each pair of small elements 
similarly described, and the whole shell consequently exerts 
no attraction on 0. 

This proof is derived from Todhunter's Analytical Statics. 

110. Prop. ZX. To find the law of density on a freely electri- 
fied spheroid. 

By the last proposition the law of density is the same as 
the law of thickness of a very thin material shell bounded by 
two similar and similarly situated spheroids. 

liOt AA' be the major axis of generating ellipse, and P, 
JP^ he the thickness of the shell 
at the point P, then PP^^ pro- 
duced is the normal to the 
ellipse at P. Draw PF, P^QM 
perpendicular to J. J.'. JoinPQ, 
and produce it to T, then PQ T 
is the tangent to the ellipse at 
P^ and PjQ are corresponding 
points on the two similar ellipses. 

Then we have 

PP^ ^P,Q cos PP,Q = P^Q cos GPN= P^Q-^ 




Again 



a 



where a , V = the semi-major and minor axes of outer eUipse, 



and 



QiP^^ia^'-CM'). 



On subtraxjtmg, smce Ta = 775 j 

a 4Jb 

.-. P,Q (P,Jlf + QM) = {V + h) {V - b) ; 
.:PN.PQ = h(b'-b), 
remembering that the shell is indefinitely tlaVa. 
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Hence thickness at P = pri • 

If we substitute an electrical distribution and if p^ repre- 
sent the density at B the extremity of minor axis, 

where x = CM, and e = eccentricity of ellipse. 

To find the whole quantity of the electrification, the 
quantity on an element formed by revolution of PQ round j 
the minor axis 

But CG^e'CN', .: CN = :^; 

1 — e 

.'. quantity on elementary aunulus = _l . — pp — 

=.p^lPQsinGPN 
1 — e^ 

adding the successive values of this difiference, 

whole amount of electricity = — ^' = inra^p^. 

111. To deduce the electrification of a circular plate, we 
notice that a thin circular plate is the limiting form of an 
oblate spheroid whose minor axis is indefinitely short, while^ .' 
the major axis is finite and equal to a. ' : 

In virtue of the relation 6' = a' (1 — 6*), we see that in ■ 
this case we must make 6 = 1. 

Hence for the density at any point in. terms of the : 
density p^ at the centre, we have ■ 

where a = radius, and a = distance of point from the centre. 
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Also the whole quantity is ^ird^p^y which shows that the 
. average density is twice the density at the centre. 

112. To calculate the potential of a thin circular plate 
freely electrified, we have only to calculate the potential at 
the centre of a distribution whose law is given above. 

Conceive the plate cut up into a very large number of 

Fig. 33. 




narrow annul!, and let OA cut one in. M, N, Draw MP, NQ 
perpendicular to OA, and QR perpendicular to PM, and 
join OF. 

Then the potential at of the ring 

_ 27rOM. MN ap, _^ MN 

" OM ' jop—mp' '''' PM 



= 2irapf. 



PQ sin QPB 



PM 



= 2irap^ . 



PQ cos 0PM 
PM 



PQ 



= 2irap^ . ^ = 2-jrap^ . / POQ, 



since — ^ is the circular measure of the angle P OQ. 

Hence adding all the small angles corresponding to 
successive annuli, we have clearly 



TT 



Potential = iirapf^ . -^ = Tr^ap^. 



But we have only yet considered one surface of the plate 
which will be electrified on both surfaces. 



9 
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Hence Potential of Plate = 27r*ap<„ 
when F= 1, Q = C, 

• • L/— • 

IT 

Hence capacity of plate : capacity of sphere of same radios 
: : 2 : TT. 

If however the plate forms one conductor of a condenser, 

the capacity will only be - , since the free charge exists on 

one side only (see Art. 99). 

113. Prop. XXL To find the capacity of a very long and thin 
cylinder. 

It is clear that, neglecting the ends, the electrification of 
the cylinder will be sensibly of uniform density. We might 
see this by viewing the cylinder as the limit of a very prolate 
spheroid, whose major axis is very large compared to its 
minor axis. We shall assume the potential everywhere 
within the cylinder the same as at the middle point of its 
axis. 

Let be the middle of the axis, and a the radius of the 
cylinder. Taking an element PQ Fig. 39. 
round the cylinder, the quantity ^ p^ 
of electricity on its surface is n [...^^^fV\ ?% 

27r.aPQ.p, ^ ' '^ ^ 

and the potential at of this element 

_27rapPQ 

"■ OQ • 

Draw OG perpendicular to the surface of the cylinder, 
and P8 perpendicular to OQ. Then Q8P and QCO are 
similar triangles. 

Hence QP : Q8 :: QOiCQ; 

.'.OQ.QS^CQ.PQ; 

. PQ^QS^ PQ-^QS 

" OQ CQ'^OQ-^CQ' 
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Now since when a? is a very small fraction, 

log (1 — a;) = — 57, 
we shall commit no appreciable error in putting 

0Q~ '"^V oq+oq) 

__l OP + f^P 
~ ^"^OQ + CQ 

= \og (OQ + CQ) -log {OP + CF), 
i^'hich is a form adapted to our method of summation. 

The potential of tbe annulus will now 

= 2irap {log (OQ + CQ) - log ( OP + CP)}, 

f adding all the elementary differences we have for the poten- 
tial at 0, 

ivap {log (0B+ BC) - log OC], 

and if i be the length of the cylinder, and a its radiu!<, 
/ being assumed great compai'ed to a, this reduces to 

iwap log - = F suppose, 

and if ^ be the quantity of electricity, Q =» iirap . I ; 

21ogi 
.-. F= Q. " 



7 



If r= 1, Q = (7 the capacity; 

I 



..C= 



21og- 



Cor. 1. If Z be very large compared to a, log - must be 

very large, and the capacity of the wire is small. We there- 
fore assume that if two pieces of apparatus be connected 
by a very fine wire, we may neglect the elecli\?vc^\AC>Tv ^\ 'Cvs.vi 



: that the charge is simply divided in the 
ratio of the capacities of the apparatus. 

Cor. 2. If there he another cylinder outside the onefl 
we are considering, separated from it hy air, we have for tha V 
potential of the Leyden jar so formed, 



_2« 



H- 



log 



=f,„. 



21og=- 

a' being the radius of the outer cylinder. 
If the dielectric be different from air 
inductive capacity K, 

C=K—^,, 



a formula useful in calculating the charge of a marine cable. 



Examples on Chapters III. and IV., and on General 

Statical Electricity. 

1, Two particles are charged with quantities g^ and q. 
of electricity, and another with a quantity — (jj +5^), ana 
are placed at the angular points of a triangle. Show that 
the work done against the two former equals that done by 
the hitter in bringing a + unit up to the centre of ths ciP: 
cumscrihing circle. 

2, Three particles are chained with equal qiiantitira,' 
two + and one — of electricity. Show that the centre of iixa 
inscribed circle of the triangle, formed by the three particle^ 
will be on the surface of zero potential if 



4 sin - 



TT + B 



w+C 



= 1, 



the oe^'atively electrified particle being at A. 
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3. A rhombus is constructed, two of whose angles are 
)®, and a + unit of electricity is placed at each. Two — units . 
B placed at one of the other angles. Show that the po- 
utial at the remaining angle is zero. 

4. A funnel drawn out into a capillary tube is filled 
ith sulphuric acid, and a gold leaf electroscope having a 
Id cap is placed underneath it. A rod of sealing-wax, 
liicli lias been rubbed with gun-cotton, is now held over 
e funnel, the acid flows out on to the cap of the electroscope 
id the leaves diverge. Explain the electrical actions 
liicli produce the flow of liquid and the divergence of the 
aves. 

5. An insulated metal lamp is placed in a room in 
hich an electrical machine is at work. The lamp is con- 
ected by a wire with a gold leaf electroscope in an 
ijoining room. 

(i) Describe the indications of the electroscope after 
ghting the lamp and working the machine. 

(ii) Describe the indications of the electroscope after 
[le lamp is blown out and the machine stopped. 

(iii) An insulated metal cylinder completely encloses 
be lamp, and is connected with another electroscope. De- 
eribe the indications of this electroscope while the machine 
3 in action and the lamp burning, and also after the lamp 
3 blown out. 

6. A stick of sealing-wax rubbed with flannel is held 
)ver a gold leaf electroscope, and the cap touched. 

(i) What will be the state of the leaves ? 

(ii) If the stick be brought nearer the cap, what will 
\)e the indication ? 

(iii) K the stick is moved further away, what will be 
the indication 1 

(iv) What will be the eflect of holding a large insu- 
lated plate of metal between the sealing-wax and the cap ? 
What eflfect will the thickness of the plate have ? 

(v) What will be the effect if the sheet of metal be 
aninsulated ? 

(vi) What will be the effect of substituting a ^late ot 
paraffin for the metal plate i 

C.E. 1 



7. There are two similar gold leaf electroscopes, 
with a point attached to the cap. A piece of sealiDg-ivax 
rubbed with flauoel is held over each of them and removed. 
Describe the indications of the two electroscopes before-an^ 
after the removal of the sealing-wax. 

8. An insulated metal cylinder, positively electrified, U 
hold with its axis vertical, and a funnel whose nozzle pr^B 
jects along the axis of the cylinder to near its middle hM 
water poured into it. 

(i) The fnnnel is uninsulated, determine the electrical 
state of the issuing water. 

(ii) If the funnel now be insulated, what effect will be 
produced on the electrification of the issuing jet at first, aiiQ 
after a time? 

(iii) In question (i), after the water has run throngll^ 
the funnel ia insulated and removed, what will be the natitfi 
of it'? electrification? Will it differ from that of the fiinn^ 
in question (it) after the water is exhausted ? 

(iv) What effect will be produced on the issuing je§ 
by connecting the funnel with the cylinder ? 

(v) In (i) the issuing stream of water flows ista 
another funnel, which ia contained inside a second insulatej 
cylinder and connected with it. What will now he the statfl 
of the issuing stream, and what would be the electrical stala 
of the second cylinder supposed neutral at first? 

(vi) Will the potential of the lower cylinder go M 
increasing without limit; or if there be a limit, on what wS 
it depend ? 

(vii) Show how an arrangement depending on tU 
principle of the preceding questions could be constructed, 1^ 
which a small chaise given to a Lcyden jar could be au^ 
mented to a high degree. 

9. A positively electrified particle repels every othet! 
positively electrified particle, but two conductors chai^edt 
with positive electricity do not necessarily repel each others 
Explain this apprirent paradox. '' 
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18. Two spheres, each one decimetre in radins, an 
connected by a wire. A tliird conducting sphere is coo: 
centric with and envelopes one of the spheres, and is aln 
connected with the earth : the distance between the surfaces 
being two millimetres. Siiow in what proportion a charge 
communicated to the system is divided. Ans. 51 to ].' 

19. A Leydeo jar one milhmetre thick, and having 
1 sq. decimetre surface, is fully charged by 5 turns of 
electrical machine. How many turns are necessary to char 

a battery of 40 square decimetres, and 6 millimetres thick 

20. With same data as qucs. 19, what fraction of foil 
charge will be communicated to a battery of 20 f.^. _.. 
metres, ■5 mil. thick, by 45 turns of the machine? Jlns.^ 

21. With same data aa ques. 19, a battery having SOfr 
pq. decimetres is charged by 500 turns of the machine. Km 
the thickness. Ans. 2 iaiB> 

22. Compare the energy of discharge of two battenala 
one of 20 sq. decimetres, and the other of SO sq. decimetresn 
both of same thickness, and charged to same potential. 

23. Compare in last question the energy of disehaitf 
of the two batteries, supposing one charged with SO, andV 
other with 150 turns of the machine, neither being suppoBJ 
fully charged. Ans. 256 to Sw 

24. Com])are the energy of discharge in two batterit 
one of 15 sq. decimetres and the other of 60 sq. decimetS 
each charged by the same number of turns of the machiB%i 
the thickness being the same in both. Ans. 4 to !■'] 

25. Compare the capacities of two batteries, one ' 
40 sq. decimetres, 1 mil. thick, the other 100 aq. deeimetr' 
1'5 miL thick. Ans. 3 to ^ 

26. Compare the potentials of two batteries, one ' 
30 aq. decimetres surface, 1^ mil. thick, the other of 80 S 
decimetres surface, '8 mil, thick, chai'ged with equal amouua 

of eJectricity. Ans. 5 to - 
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27. Compare the potentials of the two batteries in the 
last question, supposing one charged with 10 turns of the 
macliine, and the other with 40 turns, supposing neither 
fully charged. Ans. 5 to 4. 

28. Compare the amounts of heat evolved in the dis- 
charge of the two batteries of the last question. Ans. 5 to 16. 

29. A battery of 20 sq. decimetres charged with 40 
turns of the electrical machine, will just puncture glass '3 mil. 

. thick. What extent of coated surface of the same thickness, 
charged to the same potential, will pierce a sheet of glass 
3 mil. thick ? 



i 



30. Two parallel conducting plates are connected, one 
with the earth, and the other with a source of electricity of 
constant potential. A positively electrified particle falls 
from the positive to the negative plate. Show that : 

(i) The acceleration on the particle varies inversely as 
the distance between the plates. 

(ii) The time of falling is directly proportional to the 
distance between the plates. 

(iii) The velocity acquired in falling is independent of 
the distance. 

31. A gold leaf electroscope is connected by a long wire 
with various points in succession on an electrified conductor, 
the distribution being (1) free, (2) induced. What difference 
(if any) will there be in its indications ? 

32. In what respects will the indications of the pre- 
ceding question differ (1) from those obtained by touching 
the various points with a proof plane and bringing it near 
the electroscope, (2) from the results obtained by suspending 
pith balls at various points on the conductor ? 

33. The plates of a condensing electroscope are con- 
nected by a long fine wire, electrified and separated. Will 
there be any change observed in the divergence of the leaves 
during separation ? 

34. How are the potentials of the surfaces of «i. cliai^ed 



rand insulated Lcydi 
conductor — 
tendi 
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affected by liitting doivn into it ft J 



(i) Connected with the earth ! 
i ) Completely insulated ? 

(iii) Completely insulated, but left with one haj 
tending outside the jar? 



35. Two plates, having gold leaves attached to ■ 
faces, are charged aa a Leyden jar, and insulated. Tb^ 
tance between the plates is now varied. Discuss fullj| 
changes in the state of the gold leaves as the dietoi 
varied. 

36. A Leyden jar is charged and placed on the capo 
gold leaf electroscope. A small body, neutral or electr' 
is brought near the knob of the jar and then removed, 
scribe and explain all the indications of the electroscopeji 
when the body is neutral, (3) when positive, 
negative. 

37. What differences would there be in the prec 
question, if the body be allowed to touch the knob o 
jar) 

38. A series of n jars, whose capacities are C^, 
are charged by cascade and fitted up as a battery, Shov^ 
if C be the capacity of the battery, and we neglect the] 
charges, 

mill 



<l 



39. Hence show that the capacity of a battery c 
by cascade is greater than that of the jar of lowest and^ 
than that of the jar of highest capacity. 

40, Three jars are connected by fine wires and chai 
by cascade. Show how to calculate the electrificatio 
system, making allowance for the free charge, 

Ans. If C\, C^, C^ be the capacities for hound charge/l 
t',, I,, i, be free capacities of charges on inner coats, 
o,, Oj, o, he free capacities of charges on outer coat%, 1 
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•and V be potential of source, the quantities are respectively 
OAGs + \ + o,) 



GJ. 



(C; + (7,+ t, + oJ(a3+C, + i34-o,)-C- 



G^Gfi^ 



(C,+ (7, + t3 + o,)(C3+C,+ t3 + oJ-CV 



c. y> 



CT. 



41. A number of conductors of capacities (7j, C^j-.-are 
raised to potentials F^, F^, . . . respectively, and afterwards con- 
nected by fine wires so as to form one conductor. Show that 
the potential of the conductor is given by 

26' • 

42. Show that in the preceding system the energy of the 
whole conductor is to the energy of the separate conductors as 
{2(Cr)ristoSC7x2(a7»). 

43. Two equal jars are charged one positively and one 
B^atively to the same potentials. The inner and outer coats 
are then connected by wires. What will be the state of each 
jar? 

44. In the preceding question, does electricity pass 
from one outer coat to the other when both are at zero 
potential? 

45. In the last question but one, what would happen if 
the outer coats were insulated and the inner coats connected 
by a wire ? * 

46. Two spheres, whose radii are r^ and r^, are in regions 
of potentials V^ and V^ and are connected by a fine wire. 

(i) Find the potential of the system. 

(ii) Find the free charges, supposing the wire to be sud- 
denly cut by a pair of scissors with glass handles. 

47. A ball is insulated and held within a Leyden jar, 
being connected by a wire with an electroscope outside. 

(i) What will be the indication of the electroscope when 
the jar is first charged ? 
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(ii) What would be the Bimultaneoiis indication i 
another electroscope entirely within the Lejden jar >i 
connected with the ball? J 

(Jii) If after charging the jar the ball be touc^ 
by the finger, what will be the indication of the outol 
electroscope ? 1 

(iv) How will the indication of the electroscope I 
affected if the jar gradually leak? ] 

(v) If the Leyden jar be charged and insulated befiji 
the introduction of the ball, how will the introdnctioR 
the ball affect an electroscope connected with its outer sd 
face ? 'i 

48. A plate of radius a has another plate of the saq 
radius at a small distance 2" from it, 

(i) If the system be charged as a Leyden jar, comp^ 
the free and bound charges. A^is. As 42" to at 

(ii) If the plates of the Leyden jar be insulated Of 
removed to a distance t, find the potential of the plates aii 
. the amount of the free and bound chargGS. Discuss both t3 
cases in which ( is greater and less than T. 

(iii) The plate receives a charge Q of electricity ti 
is moved till it is distant T from the second plate, whicil 
connected with the earth. Find the potential and the amouO 
of the free and bound charges. 

Ans. Potential =— , -ttt. • 

a 4:1 + air 
(iv) If « = 1 decimetre and 2* = '01 cm. and theaystc 
bo charged iis a Leyden jar, calculate the rise in potential 
each plate when the plates are entirely separated. How 
this apphed in the condensing electroscope ? 

Ans. Ratio of X to 250 
(v) The two plates are charged as aLeyden jar andt; 
positive plate is lemoved, the negative plate being left u 
insulated. Find the whole work done. (Seo Art. 99.) 

49. A Loyden jar is charged in the usual manner ai 
insulated. The knob is now touched by the finger. Find t 
change in potential of the two coats and calculate the ew 
ufthe JLsi;h;ime, 



I the enm 

J 
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50. Two Leyden jars charged to dififerent potentials have 
their knobs brought for an instant into contact. •« Calculate the 
energy of the spark which passes. 

51. A Leyden jar is charged, and the charge divided 
with another equal Leyden jar, which is uncharged. Show 
that one-half the whole energy of the system runs down in 
the spark. 

52. Find the energy expended in charging a conductor 
of known capacity to a given potential by means of a unit 
jar, whose potential of discharge is known. Show that it will 
be independent of the capacity of the unit jar. 

53. A Leyden jar is charged and fitted up with {n — 1) 
uncharged similar jars to form a battery, show that the whole 

. energy is only - of the energy of the single jar. 

fit 

54. A plate is placed between two equal and parallel 
plates, and the three are electrified to given potentials, the 
middle plate being highest. Find the position of equilibrium 
of the middle plate. 

55. If the middle plate, when in a position of equili- 
brium, be removed, find the amount of its charge. 

56. Show that the equilibrium in the preceding example 
is unstable. 

57. What is the nature of the equilibrium of the needle 
in a quadrant electrometer? 

58. Explain the experiment of 'Mahomed's Coffin/ A 
small chip of gold leaf, pointed at one end and blunt at the 
other, is thrown into the air near the knob of a charged 
Leyden jar, and is observed to remain freely suspended for 
some time. 

59. Show how to find the potential at any point between 
two parallel plates electrified to different potentials. 

60. A small sphere is insulated and placed between the 
parallel plates in the last question, show how to determine 
its potential 



61. If a small insulated sphere be placed between twfl 
concentric splievea, charged as a Leyden jar, show how M 
find its potential. 

62. Show that any symmetrical conductor, placed Ejrm- 
metrically in a uniform field of force, will have the samt 
potential as that at its centre, supposing the conductor re- 
moved. 

63. A sphere of radius r is insulated in a lar^e uncharged^ 
Leyden jar without contact with the walls. It is connect 
by a long wire with another sphere of radius R, insulated ii 
region of zero potential. The jar is charged, and its potentUfl 
rises uniformly at the rate of v units per aecondi find the T. " 
of flow of electricity through the wire. 

Ans. — r-n v units per 1-T 

64. Deduce the rate of flow in the preceding esampl^l 
supposing the wire to have its distant end to earth, 

65. A soap-bubble is blown and afterwards electrified. 
Find an expression for the radius of the soap-bubble that the 
internal pressure on the soap-film may be constant as ths 
electrification proceeds. 

Ans. /)' = ^ [l — ^] , where II is the constant pressure, 

a the initial radius, r, p the radius and electrical density at 
any time during electrification, 

66. In Holtz's Machine or in the electropkoms, any amount 
of electricity however small ia made to produce an amount of 
electrical separation as great as we please. Can this be re- 
conciled with the principle of conservation of energy ? 

67- An unelectrified conductor at zero potential on being 
insulated and introduced into a space at potential V, assumes 
the potential of the space. Show how this can be reconciled 
with the principle of conservation of energy. 

68. Point out bow the same principle is satisfied In tha* 
water- dropping apparatus described in ques. 8, 
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69. Show that in a system of equipotential surfaces 
ound an electrified sphere, the distances of the consecutive 
nembers of the system of equipotential surfaces from the 
sentre of the sphere form an Harmonical Progression. 

70. If any system of equipotential surfaces be freely 
Jectrified, the capacity of any surface varies inversely as its 
x)tential. 

71. Show that the rate of movement of any equipo- 
;ential surface as the electrification proceeds at a uniform 
ate, varies inversely as the product of the force at the 
wint on the surface multiplied by the capacity of the 
nirface for a free electrification. 

72. Show that in the case of an electrified sphere, the 
ate of electrification is equal to the velocity of any equi- 
X)tential surface multiplied by its potential 

73. If a sphere be at zero potential, and have its centre 
it a distance / (> radius) from a particle having m units 
f electricity, show that the quantity of electricity on the 

phere is - ^, a being the radius. 

74. If the sphere be charged with Q units of electricity, 
md brought near a point having m units of electricity, find 
he potential within the sphere. a Q.4.VI 

75. If a hollow sphere be charged with Q units of 
lectricity, and have a particle charged with — q units in- 
roduced through a small aperture, find the position of the 
tarticle that the potential at the centre may be zero. 

Ans. Distance from centre = -^ • 

76. A sphere near an electric system is brought to zero 
potential and insulated. On being removed the potential of 
he sphere is found to be — FI Show that the sphere occupied 
uch a position that the potential at its centre due to the 
[iven system was + V, 
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77. Two spheres of unequal radii are charged to th< 
same potential, insulated, and brought near to each oth< 
till a spark passes. Find in which direction the spark 
pass between the spheres. 

78. To find the work done in moving a particle char(^ 
with a given quantity of electricity, from any given poij 
within a sphere to its centre. 

Let P be the position of the particle charged "vyitji i 
units of electricity and OPT a diameter, T being conju| 
to P. Let P', T be a pair of conjugate points on the 
diameter near to P, T. 

The force on m at P is only that due to attractiDsd 
of — ^mat T; 

/. Force 



J — . 



_ / _ awrf 



But if PQ, FQf be drawn perpendicular to CFT, 

a'-f=CQ'-CP' = PQ'', 

am* . OP 



.: Force = 



P(/ • 

am* CP+CF 



Hence average force over PP' = „ • pz-a va-' 

w 1 ^ .1, ^.r>^y «»«* { OP + CF)iGP- CF) 
.: Work done through PF= -^ • pO'xFO'' 



am 



» CF-OP" arr^ FQ^-PQ^ 



~ '1 ' pq\P(jf* 2 • pg'.FQ* 

_ an^ fj. 1_ \ 

~ 2 [PQ' PQV' 

Adding the whole work from a given point K to the centre I 

/ 1 _ M _ f^* 

[CA' - CK' GAV " 2a[<f -f) ' 



arr? 



2 
supposing CK =/. 
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79. A sphere is at zero potential, find the work done in 
lemoving a particle charged with a given quantity of elec- 
tricity from any external point to an infinite distance. 

80. A sphere is charged with a given quantity of 
electricity, find the work done in moving a particle from 
any given external point to an infinite distance. 

81. A very large insulated circular plate has a particle 
charged with m imits of electricity very near to its centre, 
find the potential of the plate. 

82. In the last question, find the position of the line of 
neutral electrification. 

Ans. r* — a^pV = a^p^ {a? +_p') where a = rad. of plate, p 
= distance of particle from centre and r the distance of 
the neutral line from the particle. 

83. Show that in the case of an uncharged sphere, under 
the influence of an electrified particle, all points in the neutral 
line and the centre of the sphere are at the same distance 
from the electrified particle. 

84. A uniformly electrified ring is placed in a diametral 
plane of a sphere at zero potential and is concentric with it, 
find the density of the charge at either pole. 

85. If a ring, having the same radius as a sphere, be placed 
in a tangent plane to the sphere, so that the point of contact 
is the centre of the ring, compare the electrical density at 
the centre of the ring and at the opposite extremity of the 
diameter, the potential of the sphere being zero. 

86. Given the amount of electrification of the ring, find 
the amount of the whole induced charge in each of the two 
last questions. 

87. If the ring be placed in a symmetrical manner in- 
side the sphere, find the density at the two poles. 

88. A closed region, whose surface is a bad conductor, 
encloses a very delicate electrometer ; electrified bodies are 
moving about with great velocity outside the closed region, 
will the electrometer give any indication? 



89. What would be tlie best form of electrometer for 
conducting t be above experiment, and iu what manner wooM 
you fit it up to make the indications as great as possible! 

90. If tbe movement were one of rotation round tbs 
closed space, so as to keep the moving bodies on the whois 
at a constant distance, would there be any indications? Hot 

' would an observer, placed outside the region, proceed 6) 
make obaeiTations in this case? 

91. If you were in a closed space, having only a smill 
aperture, how would you proceed to determine the electiifi* 
tion of the space? 

92. How far does the method you employ in the precal- 
ing question apply to determine the absolute electrification di 
tbe earth? 

03. "What would be the electrical state of a sky-roddt 
just before reaching the earth? 

94. A balloon is allowed to ascend from the earth carrying 
a burning match, which is kept connected with one teiinina 
of a quadrant electrometer by means of a fine insulated win, 
which is let out aa the balloon ascends. During tbe fint 
hundred yards tbe potential rises gradually at the rate of 1* 
per 10 yards of ascent. After this tbe register is constant fts 
20 yards, for the next 50 yards it falls at the rate of 1' per 15 
yards, and again rises uniformly at the rate of 1° per 12 yaidt 
of ascent. What inferences as to atmospheric electricity wodH 
be drawn from these observations? 

95. Explain why in a Leyden jar tbe loss of chsigl 
appears more rapid a few minutes after first charging thatt 
it does afterwards. 

96. A Leyden jar'is charged and left for a few minnt 
when its charge is divided by instantaneous contact 
another equal jar. State what will be the condition of ^ 
two jars a few minutes afterwards. 

97. A Leyden jar made of a plate of shellac, coated on 
both sides, is charged, discharged and the coats removed 
What will be the electric state of the surface of the ahellaUi 
ind how will it vary with time? 
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PHOBLEMS IN STATICAL ELECTHICITT. 

98. If two spheres, placed in oil of turpentine, be charge 
Ik given potentials, will the force between them be greater o 
SS3 than in atr? 

If two spheres be charged with given quantities ( 
Hectricity and placed in oil of turpentine, will the force b 
[ffeen them be greater or lesa than in airJ 

100. A metal sheet is placed between two plates of noai 

nnducting matter, whose inductive capacities are K and K'm 

pid their thicknesses t and t', and two other metal sheet 

) placed outside the plates. The inner sheet is kept t 

■ sntial V, while the outer sheets are at zero. Compare tbj 

i) on the outer sheets on being insulated and removed,* 

Faraday constructed a room coated csternally witli 

I furnished with an aperture or window. The wholffl 

'as insulated on glass legs, and could be powerfulb" 

;ed by a large frictional machine. 

(i) On charging the room, what effect -would he pro 
Sliced on electrometers placed inside it! 

(ii) How would a person inside proceed to determidj 
{tie external electrification of the room? 

(iii) If a frictional machine is carried inside tbo roo^ 
flnd worked, the rubber being connected with the walls of thq 
room, how will a gold leaf electroscope, placed outside in coaj 
tact with the external surface, be affected? 

(iv) If a ball be charged inside the room, insulated a 
cwried out, what effect will be produced on the electroscopefl 

(v) A number of conductors are charged from the^ 
oachine within the room, and suspended by silk threads with- 
nthe room, how will these affect the exterual electroscope? 

102. A ball is electrified and held above a metal plate, 
rhieh is then touched by the finger, what indications would 
« obtained by testing the plate at various points above and 
lelow with a proof plane! 

103. A metnllic ball is lifted by a silk fibre on to the to] 
' a, rod of soaling-was, the lower part of wliicb has bt 
ibbed with a silk handkerchief, what indications would 

bt&ined by touching it at various points NvitV^ a. yc^^i^ \fcct« 
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lO't, What differences would there be in the last qnetf-l 
tion if the ball hud been placed on the sealing-wax bj handf J 

105. Two large spaces are constmcted, which are kepti 
at constant potential, one A at potential V^, the other £ at I 
potential i\, supposing l\ > V^ Two spheres of equal r. '" 
are placed in these regions insulated from them, and t 
uected by a fine wire also insulated, 

(i) What will be the potential and the amount of chaiga 
ou each sphere ? 

(ii) AVhat would be the indication of an electroscopi 
placed in space A, and connected with its sphere ? 

(iii) What would be the indication of an electroao^ 
placed in space B, and connected with its sphere ? 

(iv) A burning metal lamp is placed on the spher 
region A, how will the indications of the two electroscopes 
be affected ? 

(v) If a burning metal lamp be placed on each sphere, 
how will the indications bo affected! 

(vi) What will be the effect on the indicatious of ^1 
electroscopes if the wire be at some point to earth? 

106. A sphere of radius one centimetre is charged witi 
a nnit of electricity and placed in a space at potential U 
what will be the potential of the sphere? 

107. A sphere of radius unity is introduced into aplao 
a.t potential 5, and then connected with the earth. Wha 
will be its free charge on being insulated and removed 1 

108. A conductor whose capacity is 4, is introduced inti 
a room whose potential is i, and the conductor is then 
brought to potential 3, insulated, and removed. Wbatwil 
be the amount of the electrification? 

109. A conductor whose capacity is 6, is charged wiUj 
1 2 units of — electricity, and placed in a region at poteuUi 
3. What will be the potential of the conductor ? 

110. A conductor at zero potential is in a space at po- 
tential 8; on being insulated and removed it has 24 uniU 
of — electricity. What is its capacity ? 
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11, A conductor of capacity C is charged with Q units 
ectricity, and put in a space at potential V. What will 
le potential of the conductor ? 

.12. A conductor is brought to zero potential in a space 
3tential V, On being insulated and removed it is found 
ave — Q units of electricity. What is its capacity ? 

113. A conductor of capacity G is placed in a region at 
?ntial V, and brought to potential V. Find its charge. 

114. If the prime and negative conductors of an elec- 
:al machine have equal capacities, show that the effective 
rking of the machine is at first diminished by one half, 
en the negative conductor is insulated. 

115. If the capacities in the last question are in the 
AO (7, to C,, find the ratio in which the effective working 
at first diminished by insulating the negative conductor. 

116. If an electrical machine be placed in the open air 
a height h from the earth, and worked (with rubber unin- 
lated) till the prime conductor has a charge e of electricity, 
len the earth connection is broken; show that negative 
ictricity is spread over the earth with a density at any 

:nt represented by ^ — ^, where r is the distance of the 

Dt from the machine. 

117- Show also that the change produced in the po- 
tial of the earth is to the potential of the conductor 
- hC to jB*, where G is the capacity of the conductor and 
he radius of the earth. 

118. Show that if the machine be worked in a closed 
a there is absolutely no change- in the potential of the 
h. 

LI 9. How far do the results of the preceding questions 
rt our taking the earth as our zero point, and do they 
t to an advantage from working in the open air or in 
>in ? 
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THEOHT or THE VOLTAIC CELL. 



, We have stated that when two conductors B 
by means of an electrical machine to different potei 
joined by a conducting bridge, an equalization of p 
takes place through the bridge, which we may repre 
a. flow of electricity from the place of higher to that o 
potential, or briefly as a current of electricity. Wi 
moreover, calculated the mechanical equivalent of J 
discharge, the energy being converted into heat in t' 
or into work external to the bridge in a varie^ < 
The phenomena belonging to the bridge while the c 
passing I'orm the special subject for consideration i 
Electricity or Galvanism. 

The current obtained by means of the common i 
machine is a single instantaneous discharge, or a rapi 
cession of auch instantaneous discharges, and theref 
adapted for the production of the class of phenc 
which we have alluded. They can be observed to j 
by means of the galvanic battery, in which the t 
separation takes place with such rapidity, that the s 
discharges, if they exist, cannot be separated by t 
delicate tests. We must bear in mind, however, 1 
differences of potential with which we are ( 
extremely minute compared with those obtained 
machiue, while the quantity of electricity in motion ii 
parably greater. To return to our old hydrostatical 9 
the maciiiue curront is a tiny stream tumbling dowi 
eipitous hill-side, the galvanic current is a vast 1 
through an almost, level valley. 
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115. Before proceeding to the phenomena themselves, 
shall consider the connection between the two modes 
generating electricity. 

In all forms of electrical machine the source of electricity 
ultimately the friction of two bodies of different sub- 
ices, ^vhich, when rubbed together, appear to exercise an 
jqual attraction for the opposite electricities, which were 
first neutral in both bodies. The result of this unequal 
raction is the production of a difference of potential be- 
2en the bodies, this difference, while they are in contact, 
pending on the nature of the rubbing surfaces, and on the 
lount of nibbing. 

The energy represented by this difference of potential 
derived from the mechanical rubbing, as also are the heat 
id change in character of the two surfaces which accom- 
iny it. 

For the development of the galvanic current, it appears 
ecessary that there should be at least three heterogeneous 
odies arranged in a circuit, one of such bodies, at least, capable 
nder some conditions of being decomposed and forming a 
bemical compound with one of the other two. 

116. Suppose A, B, C to be three such bodies, of which 
I, B exercise a chemical aflBnity for each other ; the develop- 
jnt of the current has been attributed to one of two 
is: — 

(i). To the differences of potential produced at the three 
of contact, A with B, B with C, and C with A, This 
Yolta's or the Contact Theory. 

(ii). To the chemical attraction between A and B, which 

)ws the circuit into a state of polarization ; the resulting 

Kmical action being accompanied by an electrical discharge 

id the circuit; the galvanic current being the result of 

apid succession of such alternate polarizations and dis- 

jes. This is Faraday's or the Chemical Theory. 

117. These two theories of the action of the cell have 
m warmly debated among physicists, our countrymen 
pbr the most part siding with the more recent theory of 
faraday, while continental physicists have for the most part 
»pted the older theory of Volta, though some^\\^\> x^^Oe^-^ 
The point of dispute amounts briefty \»o \Xi\"& \ ^ <^V^^ 
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^ ized that one of tlic three substances in ( 
must be & fluid ; Faraday, however, seeing that t 
composition of this Huid was, in all casea, altered i 
passage of the current, attributed the current s 
chemical action. As a crucial experiment he com 
cell in which were two metals ana one fluid, the fl 
(for fluids) a good conductor, but not capable of actingd 
cally on either of the metals. He showed, by the most d 
teste, that in this case there was no current in the c " 
in hia opinion, entirely overthrew Volta's Theory. M<Hl 
cently, however, the perception of the law of Conservati^ 
Energy, first put forth by HeliDholtz, has shown that a" 
crucial experiment relied on by Faraday the e 
current would have been an independent creation of 6 
This has again opened the qiiestion, and esperimentei^n 
diligently set themselves to work to put the theory o" ** 
again to the test of exact experiment. 

So great, however, is the intrinsic diSiculty of tl 
perinients, that it ia hardly too much to say that at pra 
in no single instance has a difference of potential 1 
directly shown between two bodies, independent of I 
gaseous medium between them, of the pressure with wlKj 
they are brought together, and of the friction with wU 
they are separated; the existence of such a differenced 
potential in every case lying at the very foundation* 
Volta's theory. 

118. Not only is experiment on this subject very d 
cult, but the theories deduced from it are highly speculat' 
In our supreme ignorance as to what is going on in i 
ultimate molecules of a body, it would be rash in the e 
to make more than very tentative hypotheses on either ti 
mechanical or electrical proportiea. 

The hypotheses in this chapter are made in this tenta^ 
way, with the hope that they may enable the student md 
tally to picture the actions with the results of which l 
B him to be cognizant. 



119. We have no intention of entering into expel 
mental details, beyond the simplest citation of the resttt 
on which the theory we set forth is founded. For more i 
accounts of the work of experimenters, we must refer i 
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II... JIx-rCTIICiL. CXr;tt:Ii;0-:j U-ru'r.-: 1 '» •"...:. 

■^ . Hi-r^mCa.. ex::;;:!::. :. Ii ^ n ''. : ..:.. . • .- ? 

ad Olit: jr TV.-i fiuiLi: 1.:- V. IT^.L .-. !. 

T .. X-it^CmJU- 0X11 t'.^Il :;.!'. ! I« ^■"j.k."*- ,-. .1., j....^. .. . . 

net als — ji : •iLrizaii ol . 

121. L JJi^ecz'^tca cjrriTf»nir/i ft.'fi\m /».-. *«/,/...'. 

These triieriiiJtaiT.- v-.iTi uri-iii;t!'\ 4Mn«!n,f,^ l « ^ '•■, 
vith the Lejp cc ij> pii*. aiu. cNtiiii: r.Niii: . •.'4-. .»*, ..«^. .... 

•liem he 'was le- t.- iiiuii^; Mu :ll:■.l:■^ n*^'..*, i.,- j. i 

lame. The ol-i-r'CUuL ■:.■ tip-.-ii. "ii^ .:. ii.'.- iu. > iii..i .; , ., 
n most cases oih-r coiitju-ts. :»-.■>!. :i> i!;. , ^ , i», .,*. "■•. *. 
gated, which mar have (-•.•iiTr:i<i:UM *i \i.i ..U^. i« , .< . 4^. . 4 

The best meth:*d ^i i:\>iji:iii:!:!i^ ihr <V|>«i ;■ i.\ 

kneans of an eleciroso.ijH.-* \\li«>M iwi ft.i.^i^ i..n.i.<. {.j^«.- r... .< 
Bine and copper. A wiri-. 1 iilii 1 it »ii.< 1 1 <•}}•« <• •(■••• 
bent once so a5 to O-inji- in t-i iii.-ni :«! ctic & i.<i ««.*!. «i.. .. , 

perand at the other with ilir /Hii- pl:i(( Hi. »;.,,, i(.. 

^re and lifting the up]x'r plair iln- UaM > «1m. •««. . (.. i' .... 
fchat zinc carries off at c<jiJt:ui poMinc c«ifl f|-|.t •......!.>• 

electricity. The great diffiritlfv in <ill ili«^t . .^ t 

lies in pro^dng that the cleaij iiirf:il mm tut • ;- die 4.,. . u . . . n> 
Into actual contact, fiitit, bccuu&t l>t>(li ili< <>.^«.' i* ot-'i •< ■>> 1 
ftn the air mav act cheiuifjullv on lii^ hiiitti«(> «4i.ii ....).>i^ 

en account of the rciiiui"kul>l» jMwj#iiJy |,«,.-.. i i . 1,. » ■' 

^condensing gaa^dn oij ilinr Mif'i;.ti; iN.ii im il.. ■ .'• 
Sections entirely ovwcuuj* vvliiri J < Aj/i>'iiii* nt* *if •...•i"i«i 
in ga5€:s which dv nui a«;i «ii' tin ij*ti.ii. u- .u* ...i.i.ii^ 
<tie(i, or even in a vac'uuii. suiM ti.« «'#j.i.' j..- iI ^. 'il «■ 

''rith pretisuit: greau-r tiiai Ijui' «/ ;«j .n.n.-. |il.. .. ''"J 
■pp€sir, Lc»weve!j t<' io»>« jjiucj */ Iji* »i i-^i'.- .vi ■ .. ti.> n.' 
•t s»older*;u log^itii'^' u*. tja^.i' j'au^'.'ji *"*• Vvijiiuui 
•ttti hat uvpiie-d witj luiruu ^v^^uw^;*: a.' li*'. m i 



method identical in principle with his Quadrant ElGctroraeUI 
On suspending over the compound bar (shaped in the f 
of a circular anuulus), a counterpoised alumic 
which, when unelectrified, points towards the junction, 
found that on electrifying the needle to a high potential ti 
deviated towards one metal or the other, showing a differen 
(if potential between them. Other methods of experimentil 
on the contact theory by the same author may be found in IB 
Papers on MectrostaticB and Magnetism, Chaps, xsn. s 
XXJII. 

122. Physicists starting with Volta have arranged t 
metals in ' tension series,' that is to say in an order a 
that any one in the list becomes positive when in contfl 
with any one that succeeds, but negative by contact with a 
one that precedes it. We subjoin those given by VtiltaaJ 
Seebeck. 

Volta'a series: zinc, lead, tin, iron, copper, silver, gols 
carbon, graphite, manganese. 

Seeheck's series : zinc, polished lead, tin, raw leac 
mony, bismuth, iron, copper, platinum, silver. 

123. In quantitative relation we will represent t 
ference of potential between two substances iu contact .fl 
a vertical stroke placed between their chemical forrau|| 
making the convention that that which is to tlie right of tT 
line is at the higher potential. Thus Cu j Za represents tl 
difference of potential between zinc and copper i 
assuming the zinc at higher potential thau the copper, \» 
the symbol Zn [ Cu may be taken as equal symbolics 
to - Cu I Zn. 

124). Volta, by means of a straw electroscope, i 
in terms of an arbitrary unit some of these diffcrec 
he gives 

Pbl Zn=5, 



Fe I Sn = 3, 
Ag| Cu = l, 
Cu 1 Sn = 5, 



Sn I Pb = 1, 
Cu I Fe = 2, 
Ag I Zn = 12, 
Cu I Zn = 9. 
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3w in this table if ire compare, for :ns:a:K'« . A:: ' Z'l « ".It 
at of the preceding pairs wtr Lave 

A^ I Cu + Cti ; Fe -f Fe ' Sn -^ Su ]'r. - VI :'r, 

= 1 H-2 +3 -rl + 

= 12 = Ag ' Zn. 

niilarlv we have 

Cu J Sn = 5 = Cu ! Fe -r F"- Sn. 

iJ Cu I Zn = 9 = Cu j Fe + Ft' ,' Su -r Sn ' i'f. 4 11. | Zu. 

Now, although the iiumherB theiiiH*-Jv*jfr, ;jp-! Ihm i}r> 
'Ughest possible appruxiniatioiifi, hjtL ♦.•Aj»''ri/ri*;jt ;irjfj il,« -.fy 
ad us to the coucluBiou that the i'a"t <>-ji; «•::.* J ),-/ ^}/«: 
X)ve formulaE: is true. nameJv. iijat of tiJJ t).i«- :';lM;jr,/*5 
Blongin g 1 V.:.2^a*^ T-eii si ■:»!; serj --.,': j i <- ; ^ * ■ " 7^ ': ' ' /f j »' /^ r / ; :» J 
etween the extreiLe eij.it o:" t 'y>zL]*r:j,'j uhj "rt.y',z'.'\ ^f 

ly number of it er^ ^vb^:LIlC^- L-:iwl:i'-'0 ,? St*;^^^ r , r^-r^ 

ime as if the m- enreiiie K'L>-.ijj'j-;j vi;^ '/;,•>! ;, -, •i/- j 

125. To exrlLil 'l"r -:.r ' rirv- r *t'. : •.-/t-;;,-,'.-^ ^,;»y 

roduce a nr.i-z^ -'.'=: -.c r.-r-v.'r^. t*'--* =. -r^ ;• ?- r;.;tK^ 
)me a5sump::::L= i.* :: -_i:^ y"'-'^'' -• -.- * .i r- . - - . --^ n 
36 bodies. Tli.^ 1- i.".": i i-uv *• ■..-■■.>.■ -••. .- • ,.-..-/. ^-jr, 
'hich the m/.-riiLir "::r r7 .- vi.--:'. '— - ■- .- . .i-.- v,,} 
nd an admiracl-r riiT* = - 11 -r i.-. - i- ■.-■-...-- ->-c».--,r-i:.r :n 
16 last chapter :f?r,r. /.-ri jfi^v- . ;*>'%•/ v //^/^f/, '-.r 
more elab« j rate t ren.*".v.er.* . . ; ■ . > r - - ■ ■ - . .r' ^^ .-. .•' «' >» < > ^ i > i <<^ 
ITc must make die :■ i.- v.-..- t-- :■ .:' > •> 

(i). That m -ir. ■ ; . 1 Ls i; 1 1 ."«.- i^.» * . •■ ■>': •■ < '■•.'»■' ^ » ■ » ^.f -1 '.,■#■•] , 
hey are compos*^* l 17 - : u » \ • : ^ *,- r. • . • ;« r . . f ■.'>'! i , > r ,♦ i ^ ,|^ 
he molecules of eac ; 1 ■% i r. 1 i r' .a- ;?-,•■." j- * ! -;i ^ : r .-. ;t» 'p i- 5; I >! j t. 
great variety of veiiicir^es. 

(ii). That the mniecuie* ')r' 'i:^ ;;fti- r 'onw! :>r.-.^/-,nc.*j,nfly 
apinging on each other and n-niu*\n-^ .tY. .Ik*' rHllJMr'I- SnlU-. 
ithout loss of enenrv. 

(iii). That the envelope ^nrlr.^ip^/ y, "j^q ;*, jii}>jf.^.f fr, ^ 
)nstant bombardment by: he jnoie^.i!^-- : 'ri<» pr*--'ir" .,(' ilm 
as upon the envelope bein^ mf-a^ur*^'-! »v 'h<'ir in^riKrifmn. 

(iv). That in a pertert j'rnii.i 'houcrh fho. nvrnfri. v 
city of the molecules is much iess 'lian in n. </««, thot 



the same freedom of movoment; but in all ] 

there exists a constraiiiiDg force limiting their frue motion, l 

shown by their viscosity and capillary uttractioa. 

(v). That in solids the constraining force on the n 
cules is very much gi'eater than in liquids, allowing i 
molecule but a very short amplitude of excursion; in If 
different solids the masses of the molecules, the average <r^ 
plitudes and periods of excursion, being different. 

From the last statement it can be easily seen that vbi 
the molecules of two different sohds impinge on each otb 
as at the surface of contact, they cannot accommotlate the 
selves to each other's motion, but constrain each other, ^ 
constraint producing a loss of energy. If, however, the b 
solids are of the same kind and at the same temperatBi 
the molecules on each side of tho surface of contact S 
swinging in exactly the same manner, and can easily a 
modate themselves to each other's motion without i 
constraint than exists in the solid part of eitlier body. A 
this loss of enei^y owing to the unsyrametrical swingiaj; 
the molecules at the surface of contact which roappeais 
difference of potential between the two solids, or as 
energy of electrical separation. 

The opposed electricities so separated will, for the B 
part, be heaped up ou either side of the plane of sepantd i 
by a Leydeu jar action. 

Let A be the area in contact in any particular instanc 
Q the quantity of electricity separated, 
Vtlm difference of potential produced. 
Then the energy of electrical separation is (Ai't. 77) ^Q K i 

The molecular energy abstracted will be proportioi 
to the area in contact, and may be written mA, where tn Wi 
constant depending on the nature of the two auri'aces. 
Hence mA =^QV. 

Again, in a Leydeu jar of given substance and thicknea 
the quantity of the accumulation is proportional jointly fi 
the difference of potential and to the area of tho surface H 
the jar. Hence we may write 

Q^nA.V. 
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v?liere n is another constant, depending only on the nature of 
the two bodies. Hence we have 

2m 



or F» = 



n 



Hence V or the diflference of potential produced hy contact 
is independent of the shape of the bodies and of the area in 
contact, depending only on the substances concerned. 

We have neglected here the small portion of the electri- 
iication which will distribute itself over the two bodies ac- 
cording to electrostatic laws, maintaining the two bodies at a 
constant potential throughout their mass. This will in all 
. cases be exceedingly small, corresponding to the free charge 
in a Leyden jar. Since for two given bodies Q = nA , V, and 
V has been shown to be constant, the quantity of electricity 
separated is proportional to the area. To make the electro- 
scope indication after separation as great as possible, it would 
be best to grind together a zinc and copper plate as for the 
condensing plates of an electroscope. If two such plates be sepa- 
rated by insulating handles, the charge carried away can be 
made evident by an electroscope only moderately sensitive. 

126. Suppose now two bodies ABy BG to be joined at 
one end jB. In virtue of the contact one of them, suppose 

Fig 40. 




AB^ acquires a higher potential than the other, BC. If now 
we could join A and C by-a body which be\i*A.N^d wil^ ^^ ^ 



<a of 
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ciiiiiluctor. II flow of tslftctricity would take place between 
anil C tending to equalize tbeir potentials^ tlie contact at 
woulil develope a fresh difference of potential, and we shou 
liave a continuous current through AC. This current woul 
be ft source of energy, and we should, in this case, have 
unfailing source of energy. The law of conservation 
energy shows this to he impoasihle. Thus we ieam that ibi 
contact of C, with A on one side and with B on the other, 
must produce differences of potential whose aggregate effefl 
i» to counteract the difference at the junction B, Or calling 
X, Y, Z the three bodies, according to our notation 
Y\X=Y\Z-^Z\ X. 
or I'l Z^Z\ X+A'l r=0. 
This must he regarded as a fundamental relation in the cad 
of all bodies whose molecular condition remains unaltertfi 
We have already (Art. 124) cited it as an esperiraentalpriH 
j>erty of the bodies comprising Volta's tension series. 

127. II. Electrical action hetwesn one metal and fflrt 
fluid. 

Again, it is diihcult to arrange that (he only,. contact ofl 
heterogeneous bodies shall be the metal and fluid it iM 
desired to experiment upon. The following method seeip« 
however free from exception. A metal plate (suppose of riU'-Kj 
ia screwed on to a very sensitive electroscope, and on iWi 
upper surface a very tliin sheet of glass is laid, (he gls**! 
having been carefully coated on its under surface and «lgfl^ 
with shellac varnish. On this glass plate the fluid (suppoa* 
water) must be spread hy a brush or used to saturate a sheOT 
of blotting-paper which is laid on the glass. A zinc rod J^ 
now brought in contact with the metal at one end, and Ifl*^ 
in the fluid at the other. On removing the zinc rod, aOR 
lifting up, without direct contact, the glass plate, the leaves o* 
the electroscope are found to diverge with negative electricity* 
Since in this experiment the zinc wire remains wot afte^ 
removal, it carries with it the electricities hound across tb^ 
place of contact, and the phenomenon observed is due only 
to the small free charge distributed over the zinc plate, aS' 
sisted by induction across the air and glass plate. The restJ^ 
is consequently extreme! 
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By other modes of experimenting, various precautions 
e taken to eliminate as far as possible the effects of contacts 
itween foreign bodies. We must however content ourselves 
Ath quoting the chief results arrived at by Becquerel and 
^^clet. They find that as a general rule the metals are 
legative to liquids, manganese forming a remarkable ex- 
ception. Silver, gold, and platinum are also weakly positive 
by contact with most acids. 

They also notice that the intensity of electrical separation 
and of chemical action between an acid and a metal frequently 
conespond, but that this is by no means invariably the case. 
It appears also that the fluids cannot be placed with the 
metals in Volta's tension series. For in the case given above 
water, being positive to zinc, will be placed before zinc in the 
tension order. We should therefore expect the electrical 
excitement of the water with the relatively high zinc to be 
[ much weaker than with the relatively low copper — exactly 
tlie reverse being the fact. 

128. We conclude that conductors must be arranged in 
. two classes. 

I. Those which follow Volta's tension law, comprising 
tte metals, and some compound bodies. For these we 
"lay assume the fundamental relation between any three 

X\ r4 Y\Z+Z\X=0. 

n. Those which do not follow Volta*s tension law, com- 
prising most compound fluids — water, acids, solutions of salts, 
and some other conductors (including possibly glass and 
shellac) — ^which are decomposed by the passage of the 
current. 

If one or more of the three conductors X, Y, Z belong 
^ this class, we may not assume 

x\ r+r|z+z|x=o. 

129. III. Electrical excitement between two fluids. 

Kohlrausch has shown the electrical excitement between 
two liquids in the following manner. He suspended two plates 
^ glass horizontally by silk threads, placing on the upper 



surface of one plate, and on tlie lower surface of Uie fl^^| 

Bheets of blotting-paper moistened with the solutiouB ^i^^| 
consideratiua (aitric acid and potassium carbonate sup^l^H 
He then lowered down the latter of the two plates uutillH 
was distant but a very small space from the former, the twM 
sheets of blotting-paper all but touching each other. Tli wB 
fiheets of blotting-paper he connected by insulated tbreaoH 
moistened with various liquids, or by metallic wirea, testa^| 
the charge after each experiment by a sensitive electroscop^B 
He showed by this means that there existed an excitemalH 
owing to the contact of liquids only, bat that this excitgma^| 
was very small compared with that between liquids U^M 
metals. '^M 

Other methods depending chiefly on the current produOfiH 
by arrangements of dilferent fluids have been devised, ^H 
append a general summaiy of the results, H 

(i). The sulphates formed with the following metab-« 
K, Na, Mg, Mn, Fe, Ni, Co, Zn, Cu, Ag, &c.— among tbe« 
selves obey Volta's tension law. We must escept from ti ^J 
rule ammonium sulphate and sniphatea of the form^H 
R,(SOJ,. ■ 

(ii). The haloid salts of potassium, amongst themaelvM 
obey the tension law. 1 

(iii). The acids do not generally follow the tension Ian 

nor do solutions of salts in which the same base occurs cooH 

bined with different acids. I 

' (iv). Solutions of different concentration do not as a rule 

obey the tension law. 

130. IV. Electrical excitement between , one or (Mft 
metals and one oc two fluids. — Theory of tlw voltaic cell. 

We are now in a position to consider the electrical staW 
of a system consisting of two metals, say zinc and platinum,, 
partly immersed in a liquid, say hydrogen chloride. J 

On dipping the zinc plate into the fluid, a dififerenoe of' 
potential Zn f HCl is estahlished hetween them, and in. 
dipping the platinum plate in. a difference Pt | HCl ia 
established. The fluid being a conductor, a distribution of 
electricity over its surfaces takes place instantaneously, "' 
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lisbes equality of potential throughout the fluid mass. 
zinc and copper plates are therefore at different po- 
als, the amount of difference being 

Zn I Ha + Ha I Pt, 

nee Zn | Ha > Pt | Ha numerically, the platinum will 
,t a higher potential than the zinc. This difference could 
ested by a quadrant electrometer, provided the alternate 
s of quadrants were of zinc and platinum respectively. 
Suppose now a zinc wire laid across from the zinc to the 
iinum plate. At the point of contact with the platinum 
ew difference of potential is introduced represented by 
I Zn. ^ • 

The whole difference of potential between the zinc plate 
. the other end of the zinc wire then becomes 

Zn| Ha + Ha |Pt + Pt I Zn. 

If the three substances followed Volta*s law, this would 
essarily vanish. Since however h5^drogen chloride belongs 
the second class of tionductors (Art. 128), it will not 
ish. Since the ends of the wire are now at different 
3ntials, a flow of electricity takes place through the wire 
Q the platinum towards the zinc plate, tending to equalize 
ir potentials. 

131. In consequence of this, the fluid in contact with 
zinc acquires a higher potential than that in contact with 

Fig. 41. 
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platinum. The molecules of the fluid become polarized, 
ing their positive ends turned towaida \>cie ^^NIyq^xsh 



and their negative ends towards the zinc. Hydrogeif^^H 
ride being a compound body we assume tbat the eUm^^l 
hydrogen (U) and chlorine (CI) exercise their own elecM^| 
amuities, the hydrogen being the electro-poaitive, and ^^| 
rine the electro-negative cumpouent. The arrangemew^H 
the compound molecules might be shown tlius (iig. 41 a},^^^H 
The chemical affinity of the zinc and chlorine now P9^^| 
into play, causing the Zn to combine with the chll^^| 
atoms next to it, so as to form zinc chloride (ZaCI,,J|^| 
atoms of chlorine combining with each atom of zinc], >[|^H 
hydrogen of tbia molecule combine? with the chlorine O^^H 
next, and so on along the whole row of molecuies, le^^H 
the hydrogen free at the platinum plate, the moleculd^H 
the same time each becoming neutral. This arrangeme^^H 
ehown in b, fig. 41. lu this way the discharge of electriciqri^B 
travelled round the whole circuit. The platinum pl&t^^| 
again brought to a higher potential than the sine, andl^H 
same process is repeated, the successive discharges follon^| 
each other with so great rapidity that their existence ^^H 
only be inferred from theoretical considerations, "^H 

132, We find, however, apart from all theory, after bB 
pass^e of the current for any length of time, that zia4^| 
consumed, zinc chloride is formed in the cell, and hydrcraH 
bubhles up at the platinum plate. So far our provi^^H 
theory accounts for the facts observed. iH 

We find, moreover, that during the passage of the curti^| 
heat is developed in all parts of the circuit, and that t^| 
conductor is capable of performing work external to itself^^fl 
the movement of a magnetic pole, for instance). We are tfl 
consequence compelled to look for a source of energy in i^m 
circuit. This source we find in the combination of zinc aifflj 
chlorine. Whenever zinc chloride ia formed, heat is svoIvmH 
in the process, and it is found by actual experiment tha^ 
the whole heat evolved (supposing no other work done}^ 
during the passage of the current is tlie same as that whicU 
would be given out by dissolving in Hydrogen chloriddt 
the amount of zinc that has combined with chlorine in, the' 
ceU. 

We see from tliis that chemical action is essential U^ 
the production of a current, and we infer tbat if we have tllfr 
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stals X, Z, and a fluid F, nvhich cannot act on either of 
em chemically, there could be no current, or in other words, 

X\ Y+7\Z+Z\X=:0; 

r the substances obey Volta's tension series. For a 
;alYanic cell then in its simplest form we must have at least 
me substance which belongs to the second class of con- 
iuctors. 

133. This peculiarity of decomposable fluids has been 
eiplsdned by saying that a metal in contact with a fluid 
exercises not only a mas8 attraction, but also an atomic 
oftmctiori. The diiference of potential between zinc and 
hydrogen chloride may be resolved into Zn | HOI the mass 
ittraction, and [Zn J HCl] or [Zn H + Zn | CI] due to the 

I attraction of the zinc for the separate atoms, the latter being 
i denoted by being included in brackets. We might then 
i ^rite the whole diflTerence of potential 

[ Za|Ha + [Zn| HCl] + Ha | Pt + [HCl | Pt] + PtZn. 

I We may now assume that, as far as the mass attractions 
are concerned, the substances obey Volta's law, so that 

Zn I HCl + HCl I Pt + Pt I Zn = 0, 

and the unbalanced difference of potential which originates 
the current is 

[Zn I HCl] + [Ha I Pt], 

due only to the atomic attraction of the metals on the 
elements of the fluid. 

134. We must now define the terms of constant use in 
reference to a voltaic cell. 

Def. Electromotive force is iised to denote the sum 
of all the differences of potential effective in a voltaic circuit. 

The term electromotive force is convenient, as wo apply 
t to all cases in which a current is originated, even when we 
annot strictly say that there is a difference of potential. 

Def. Electrodes. The metal plates which dip into the 
^uid are called electrodes, that to which the external current 
lows being the zincode, ar^d that from whizK ii jlo\c% il\A 
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platinode. The term is also extended to any two terminals '■■ 
from and to which electricity fiows. \ 

Dep. Poles. The term pole is used of the extremities of ^ 
the condiictor external to the fluid, that in connection with the ' " 
platinode being the positive pole, that in connection with the - 
zincode the negative pole. * ^ 

The direction of the current will therefore be in the fluid '] 
from the zincode to the platinode, and external to the fluid 
from the positive to the negative pole. 

135. It is sometimes convenient to represent graphically 
the changes of potential in the course of a circuit. When 
the circuit is open this can easily be done provided we know 
in absolute measure the value of the successive diflferences 
that occur. 



Fig. 42. 
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Thus, in the typical cell, let Z be the zinc plate, P the 
platinum plate, and K the junction of the zinc wire and 
platinum plate. 

The differences of potential are 
at Zy Zn I HOI, which will be positive, and may be repre- 
sented by ZA ; 
at P, HCl I Pt, which will be negative and less than ZA, let 

it be BZ) ; 
at K, Pt Zn, which will be positive and equal to EF suppose. 

The broken line ABDEFH gives us the law of change 
of potential throughout the circuit. The whole electromo- 
tive force of the cell is represented by 

ZA-BD-^- EF^ ZG suppose, 

and this would be the difference of potential of the two 
terminals or poles, as measured by a quadrant electrometer. 
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136. We say nothing here about the potential at any 
part of the circuit, which, if the cell be insulated, will be 
jpositive at one terminal and negative at the other. In 
practice, one part of the circuit is generally put to earth, and 
thus brought to zero potential. If the zinc plate be put to 
earth, then the ordinates in the figure represent the potentials, 
and ZQ is the potential at the other end of the open circuit. 

If the copper plate were put to earth the potentials would 
be shown by ordinates drawn to a horizontal line through DE, 
that at Z being equal to — DP or — EK, and that at H 
\xiEFj the whole difference being in all cases equal to ZO, 

137. The electromotive force of any cell can now be 
calculated d priori^ if we know the differences of potential 
produced at the various contacts. The experimental difficul- 
ties render these determinations very unreliable, and we con- 
sequently content ourselves with knowing the whole electro- 
motive force active in the cell, which is the only thing that 
practically concerns us. Having determined this for one 
jell in absolute measure, we can compare the electromotive 
brces of different cells with it, by methods to be explained 
urther on. 

138. V. Electrical excitement due to gases condensed on 
\e surface of metals. Polarization. 

It is well known that metals possess a remarkable power 
f condensing gases on their surface, and the electrical in- 
uence of these gases is seen in a variety of ways. 

If two platinum plates be placed in hydrogen and oxygen 
as respectively for some time, and be afterwards dipped in 
ater (slightly acidulated to improve conduction), and then 
uned by a wire, a current is found to pass from the oxygen 
> the hydrogen plate. Since there is no contact of hetero- 
3neou8 substances except platinum and water (which oc- 
irring twice, the differences should neutralize each other), 
le electromotive force must be due to a difference in beha- 
lour towards water of a plate charged with oxygen and one 
larged with hydrogen. In this cell the electromotive force 
ay be represented by 

Ptn I H,0 + H,0 I Pto, 

here Ptg and Pt^ denote respectively that the plate la 



chained with hydrogen and oxygen. The \ _ 
current is accompanied by the disappearance of i 
gasea, which recombine to form water, and the cell is thej 
active only for a short time. The energy of the cell wa 
8tract«d from the kinetic energy of the gasea, and is equalfl 
the energy of chemical separation of oxygen and hydrogen. 1 

139. The same effect arises in all cells in which a 
liberated at the positive plate, unless the gas be soluble md 
liquid round the plate. The liberated gas causes abacfcwj 
electromotive force which diminishes the effective elee 
motive force in the ceil, and weakens the cell as soon ti 
is in action. This effect is commonly known as polai 

140. To avoid this, a variety of cells have been c 
structed, in which the substance liberated at the poa 
plate is not gaseous, or if so, a gas which is soluble ia^ 
liquid which surrounds it. 

In DanioH's cell there arc two compartments dividoi'l 
a membrane or a porous diaphragm, through which 1 

Fig. 43. 




I of fluid and chemical action 1 
compartment is placed a zinc rod, immersed in dilatfl 
phuric acid (H,SOJ, and in the other a i-od of 
immersed in copper sulphate (CuSOJ. In this c^a 
radical SO, (sulpnion) takes the place of chlorine inj 
" " " ' " ihate being formed at the zinc plate, 6 ~ 






The rssiL:! tt "Utt airiiin. a:' titt a*!, i^ viuc .ituii :> v»rt".«i. 
•way, ETL-f siI^hiCT^ i*eiui iunu-L n. Titi unit, r^iK v-'Jii?.- '^Utf 

be salt orll issii Einne: jf Ltsi*i>sru*L m. xitf r/mnn: -riU-W /c 
oi - - ,, , 

The eleoiri-ciinxihpt iam* » .riuire fBira*! Vc 

Zn I B^\-^MJi^L\ . OnS:"^- Ciii5<'?, Oi:- Ox. A-. 

Sroves' and Bmset « wD^ iI"2ssrK= lir iaio^ yl^;:^**lvv■^ Iv, 
hem the niiTMO* ciSir ri-rgi :ir l:: lif rjtrS:3: *"r *4'iA^iiv>,^v.'H 
date heing veiy saihiiir" in iltzt)? iijc.: .5:ifs liM jvv«r*ii^ ih<" 
date. These ceEs Lire a ?::jir:j5:ir fCeu-n^iSsa^o^:*^ i\iKV ^^ 
)aniell's cell, bnt arc- itzu sj cie^niv i:i wwriii:^ ^v^w *.^ 
lurable. 

141. The cells last alluded to are c^nlltsl i\M)^t;M\^ ^j^uuv 
he only limit to the working of the c^ll is :^p}vi.i\>u()v fho 
ohaustion of some of the materials which coiu}x>*o ir 'f)^t^v\» 
8 another obstacle called local actiotK It i^ woU kiu^wu 
jhat commercial zinc contains impurities, and aIso time Ma 
iensity in different parts will be very dittoivnt, whilo \\\o 
production of pure and homogeneous zinc wouKt bo oxnouiiiN o, 
if not impossible. The consequence of this want o( uiii((ti'iiii(> 
8 to make the difference of potential botwoon tlu» )f\\\o m\A 
loid different at different parts of tlioir (unnniou rturCtttu), huiI 
tivanic circuits are set up through tlio /.inu WtnAW wUu^U 
ipidly consume it, and interfere entirely with thu Mili«»n iil 
le cell. To avoid this, the zinc plate UHcd in nilibcMl uvci w it li 
6rcury, which forms a pasty amalgam wlUi tJiu /im^, glvin 
Q latter a uniform sur&ce for tbe a<;tion of ilm <i<'iil, nm\ 
events the local circuits. The in<ircijry liMulf )» anl tki 
i^ked by the acid, but seems to iiijj>rov« th« tuihtn nt Hit; 
U by raising the difference of jx^tejitiai ut Ui«« /im- j/ImIj;. 

By this means and the employment <;f vurioii** tn^ 
ces for ejecting the reduced zinc and «ii|;i;J* 
bstances^ batteries of the oojubtant clmw i 
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working order (as for telegraph purposes) for months witl 
further care than the occasional filling up with acidulat 
water. 

142. Batteries. The power of a galvanic cell may 
increased to an unlimited extent by increasing the numU 
of cells and arranging them in various combinations: 
combination most suitable being determined by the 
cumstances of each particular case. It will be right 
to consider the electromotive force in two arrangem< 
by compounding which all others are produced. These 
rangements are — 

1. Compound circuit, in which all the cells are 
so that the platinode of one cell is joined to the zincode 
the next, the circuit being completed by joining the zin< 
of the first cell to the platinode of the last. 

2. Simple circuit, in which all the zincodes are joine 
to one terminal, and all the platinodes to another, the 
being completed by joining these terminals. 

143. I. Compound circuit. The arrangement with 
cells, A, B, G, can be illustrated thus. 



Fig. 44. 
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If 8 be the fluid and the zincode of A be to earth the 
potential at the zincode of -B is 

Z\ S+8\P + P\Zor E. 

The rise of potential between the zincodes of B and 
will be again E, making a total rise of 2E. 



..* . - V .. A1 



THEORY OF THE VOLTAIC CELL. 133 

^oailarly, if there be n cells in compouud circuit, the 
ise of potential in all the cells is nE. On this principle 
latteries have been constructed from which, without join- 
Dg the terminals, sparks have been produced, Leyden jars 
barged, attraction and repulsion illustrated, and in fact all 
ihe phaenomena of statical electricity exhibited. For these 
prposes several thousand cells must be joined in circuit, 
lad each cell carefully insulated. For an account of these 
operiments consult Mr Gassiot's Memoir in Phil, Trans. 
br 1844. 

144. Another illustration of the compound circuit is 
leen in Volta's crown of cups and in his pile. The last illus- 
xation (Fig. 44) is precisely his crown of cups. 

In Volfa*^ pile, a series of zinc and copper plates are 
irranged in the following order — 

ZnSCuZnSCuZnSCu Cu, 

I denoting the fluid part of the circuit, which consists of 
ieces of flannel soaked in the fluid, generally acidulated 
rater. The contiguous Cu Zn are soldered together to pre- 
ent the fluid soaking in between them. The theory bf the 
ile is precisely the same as that of the compound circuit, 
lie diflference of potential of the terminals being simply 
roportional to the number of metal pairs. 

145. To the same class belong the so-called dry piles, 
lie best known of which is Zamboni's, used in the Bohnen- 
erger Electroscope. In these piles there is an appearance 
f an electromotive force without a decomposible body. The 
ict seems to be that some of the elements of the pile (sheets 
f paper, for instance) are very hygroscopic, and perform the 
motion of the fluid. These piles are found to suspend their 
ction when thoroughly dried, and to regain it when left ex- 
osed to the damp of the air. In others glass or shellac 
3ems to take the place of the fluid. With them the action 
f the pile improves on warming, and the reason seems Jbo be 
liat these substances when warm are decomposed by the 
ircuit. That glass belongs to the second class of conductors 

J shown by the fact that when a current is paaa^di XJaioxi^ 
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two platinum plates immersed in molten glass, after the 
current has passed for some time, the plates exhibit the phae- J 
nomena of polarization, and this can only happen, as far as is 
known, when the substance interposed is decomposed by the 
current. 

146. II. Simple circuit. This arrangement may be 
illustrated as below, 

Fig. 46. 
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all the zincodes being connected with a terminal D, and j 
all the platinodes with a terminal JS, 

In this case all the ziucodes are at the same potential, 
and all the .platinodes at the same potential. The con- 
sequence is that the diflference of potential between D and S-\ 
will be only that due to a single cell, or will be simply 

Z\ 8+8\P + P\Z. 

This arrangement is in fact electrically identical with a '] 
single cell containing plates of three times the area, whidi 
of course in no way affects the electromotive force. 
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ohm's law. 



147. We have explained above in connection witli Fara- 
ly's Theory of Induction, the state of a medium acted on by 
ectrical forces (Art. 74). We then established 

(i) That in each molecule there was a separation of 

ectricity along the line of force through the molecule, the 

F 
iiantity separated being measured by + 7— per unit of area,, 

here F\& the resultant force at the point. 

(ii) That this electrical separation produces or is pro- 

aced by a strain in the medium along the lines of force,. 

•om which strained state the medium tends to return to 

netitral state by a discharge from molecule to- molecule 

brough the medium. 

(iii) That this discharge constitutes conduction resulting 
a a transfer of the positive electricJity separated to the* 
(lace of lower, and of the negative electricity separated to* 
he place of higher potential, the lines of flow being the lines- 
i force, and the quantity of electricity neutralized along a 

ube of force being + j— Fa, 

148. The chief difference between the case there cofl- 
idered and our present problem is that here we have two 
)arts of the conductor kept at constant potentials, so that as 
oon as one discharge has taken place, the strained state 
■etums again owing to new separation of eleetd(i\\»\a'&, ^\ii 



we get so rapid a seriea of Jigcharges, that it caonot be 
distinguished from a conttuuous current. 

149, We may still aasuma that the strain at any point 

in the conductor is measured by -.~F, when .F is the r 

sultaut force at the point, and since good or bad couduetJOB 
consists only in easy or difficult transmission of electriei^ 
the rate of flow at any point in a given body will be propw 
tional to the force at that point. But experiment shoi 
us that different bodies transmit the current in veiy iS 
ferent degrees^ and consequently in different bodies the xA 
at which the series of charges and discharges succeed eafl 
other will be different. "We shall assume therefore that ^,^^ 
rate of flow at any point is measured by the product of- 
certain quantity c, which depends on the body and F, whi<! 
measures the force of electrical separation at the pois 
The rato of flow at any point in the medium will thera&j 
be measured by c . jF. 



1 50. Now to measure the rate of flow of a stream of 
we should take a unit of area perpendicular to the 
lines, and compute the quantity transmitted through it ill 
a certain time. The same method applies in electricity, and 
we will suppose c so chosen, that cF measures the quajitity 
trausmitted per second across a unit of area of an cqui- 
potential surface over which the average force is F. If theft 
a small tube of force be taken whose area is a, the quantity 
transmitted per second across any section of the tube will bai 
cFiT, and since Fa- is constant throughout the tube, the 
quantity transmitted per second, at whatever point in the 
tube it he measured, will be the same. 

The quantity c depends entirely on the substance of tlU) 
conductor, and is called its 'specific conductivity,' 

Def. Specific conductivity of a substance Tnay Hi 
measured by tiie quantity of electricity transmitted per second 
across a unit of area of an equipotential surface, at wkidi Ui^ 
electric furce has unit value. \ 

151. Again, if the conductor be bounded by a tube di 
force,, the quantity transmitted along it per second will b? 
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measured by %cFa; and this quantity is called the ' strength 
>f the current' in the tube. 

Def. Stkength of current in any tube of force is 
measured hy the quantity of electricity transmitted per second 
ohng the tube of force. 

The principle shown above, that the strength of the 
current in all parts of a tube of force is the same, is often 
expressed by the phrase 'homogeneity of the circuit.' Since 
liowever this strength depends on c the current will not be 
homogeneous unless the substance of the conductor is the 
same throughout. 

152. Since there is a transfer of the opposite electricities 
ffl opposite directions along the tube, it is impossible to speak 
rtrictly of the direction of the current, but as most of the 
phenomena depend on the directions assumed by the op- 
posite currents, it is convenient to define the direction of flow 
of positive- electricity as the direction of the current. 

153. Prop. L To find the strength of current in a conductor 
on which two surHgu^es bounded by closed curves are kept at 
eonstant potentials. 

First, let the conductor be a cylinder whose two ends are 
it potentials V^ and V^. 

Fig. 46. 



Let the end A (Fig. 46) be at F^ the higher potential, 
nd the end B at V^: also let I be the length, s the section, 
ad c the specific conductivity of the cylinder. 

Let / denote the quantity transmitted per second across 
ay section PQ, or the strength of the current. When 
le difference of potential is first established, some of the 
nes of force will cut the surface of the cylinder, and a flow 
f electricity will take place along them, producing a super- 
cial distribution, which combined with the coii^\i^\i\i ^<^^\?cv- 
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fication of the ends, will make the lines of force parallel W 
the length of the cylinder. The tubes of force will then bei»] 
cylindrical, the rate of change of potential along them 
constant, and the flow of electricity will be steady. The. 
rate of change of potential or force along the cylinder will 
be equal to 

V -V 

I • 

Hence the quantity transmitted per second across any ele- 
ment of the section of the tube whose area is a will be 

Hence the whole quantity transmitted across a complete 
section will be 

C8 

The quantity -j-, which depends only on the substance 

and dimensions of the cylinder, is called its conductivity, and ■ 
may clearly be defined as the quantity transmitted per 
second when the ends are at unit difference of potential, 

154. Secondly, If the conductor be of any form. 

The same reasoning may be extended to this case, as the - 
first instantaneous effect of the flow of electricity is to 
produce a distribution on the surface such that every tube 
of force shall proceed from one to the other of the given 
^ surfaces, after which we have a steady flow of electricity 
along the tubes of force. 

The amount transmitted through any tube is measured, 
as we have shown, by cFa; 

Now F is the rate of change of potential along a line of 
force, and, as shown (Art. 89), will at any point in the line 
be represented by #c (K — FJ, where T\ and V^ are the 
potentials at its ends. Hence if F^ be the force at any point 
on the assumption that the two fixed surfaces are at unit 
difference of potential, F^ = k, and we have 
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and the amount of electricity transmitted through the tube 
per secoiid is 

^ If now F^a be computed for every tube of force which 

I cuts through any given equipotential surface in the body, 
the whole amount of electricity transmitted per second will 
clearly be found by summing all the values so obtained. We 
shall have in fact the formula 

155. It is clear that the coefficient cXF^<t depends only 
on the nature and geometry of the conductor. We call it 
the conductivity of the given, conductor, as distinguished from 
the specific conductivity of its material defined above. We 
may give the physical definition as follows. 

Def. Conductivity of a conductor is the quantity of 
electricity which flows per second between two given surfaces 
on it which are kept at unit difference of potential. 

The numerical value of the conductivity is cl>F^&y where 

JF\ is the force over the area <r on an equipotential surface, 

and c the specific conductivity. When the conductor is 

cs 
cylindrical, it is represented by j-, where s is the area of 

section, and I the length. 

156. In practice we always use the resistance instead of 
the conductivity. 

Def. Resistance of a given conductor is numerically 
equal to the reciprocal of its conductivity. 

For any conductor its value is given by 

1 

and for a cylindrical conductor by 

1 length 



c ai'ea of section ' 
where c is the specific conductivity. 

The quantity - is often termed the specific resistance 

of the conductor. 
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157. We can state now the proposition, that if two parti 
of a conductor be kept at potentials V^ and F., and if £ be the 
resistance of the conductor, and / the strength of the current, 

158. Prop. n. To represent graphically the law of change of 
potential in any cylindrical conductor whose ends are kept at 
certain given potentials. 

Let the abscissa AB represent the resistance of the con- 
ductor, and at A, B set up ordinates AG and BD represent- 
ing the potentials at those two points, and join CD. 

Fig. 47. 




At a point P m AB, draw an ordinate PQ. Then sin<^ 
IR = Fj — Fj for any portion of the circuit, it is clear tbs 
if Fbe the potential at P, 

j AG-^VAG'-BD 
AP " AB ' 

hence F= PQ, the ordinate drawn to GD, or GB shows the 
law of fall of potential from A to B referred to resistance. 

But when the conductor is cylindrical, the resistance ii 
proportional to the length, and to each point on AB corre 
sponds a point on the conductor dividing its length in tb 
same ratio. 

The same figure shows that we may graphically represen 

the current strength, — -j^ — , as the cotangent of th 

angle ACD, or as the tangent of the elevation of the line c 
iK>tential. 
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159. Ftoji. nL In any voltaic circuit if £ be the whole 
eUetromotive force and B, r the resistances of the conducting 
wire and fluid in the cell respectively, then the strength of 

current is given by 1=^ — . Ohm's Law. 

Let if, P, K be the zincode, platinode, and junction of 
the two metals respectively, the abscissae representing, as 
in the last Article, the resistances of the parts of the circuit 
solid and liquid. Owing to the changes in potential at the 
different contacts, the line of potential will be a broken line. 
The law of change we do not at present know, except at 

Fig. 48. 




the junctions, the potential at Z being the same as at Z, 
the difiference of potential at Z being denoted by Z \ S, 
^here 8 denotes the fluid, that a,t B hy 8 \ F, and that at 
KhjP\Z. 

Since the conductor throughout is not homogeneous, the 
circuit will not at first be homogeneous, but there will be 
a storing up of electricity at the different junctions. This 
storing up will bring the junctions to such potentials that the 
current strength between them is uniform. The current then 
becomes steady. 

Let / represent its strength, and let V^ be the potential 
in the fluid next the platinode, and V^ the potential in the 
platinode wire at its junction with the zincode. 



^~ ZP PK ~ KZ, 



Z\ 8-V,+ V\-P\ 8-V,-\-V,-\rP\Z 
~ ZF+PK+KZ^ 

Z\ 8+8\P^P\.Z 
•^ ZP+PZ, 



But the numerator represents the electromotive fofl 
and the denomiuator the sum of the internal and e^U 
resistancea. Hence we have *■ 

-.-fv..- 1 

which is known aa Ohm's law, I 

The formula also shows that the line of potential lifl 
constant direction, and its direction may be found by afl 
o£F aa abscissa the whole resistance in circuit as ^2„ u 
ordinate the whole electromotive force as ZO. Thai 
GZ^ gives us the law of fall of potential in the circuit,, ■ 
ting of course the discontinuities at the various junction 

160. Although the reasoning by which we have an 
at Ohm's law depends on molecular actions, which aM 
Bumed, but cannot be put to experimental test, the lawlfl 
has been subjected to the most rigorous esperimma 
may be classed in point of certainty with the best ascerW 
physical laws, ■ 

161. In the formula /= „ — . there ai-e three <g 

tities which require to be measured, and it will be coQvqfl 
here to remind the student of the units in which wffj 
assumed them measured. _ I 

(i) Electromotive force is difference of potential,! 
its unit is the unit difference of potential, as de&n^ 
Chap. III. "1 

(ii) Current strength is the quantity of electricity n 
mitted per second along a conductor, and its unit will ba 
strength of a current sending a unit of quantity per seoM 

(iii) Sesistance is a new idea, and must be measoifl 
accordance with the above formula by the resistance m 
conductor, which aliowa a unit of electricity to flov4 
second through it, the two ends being kept at a unit dfl 
ence of potential. ■ 

162. These are the units which we have used in thd 
but they would he very inconvenient in practice. The d 
tioai units depend on electromagnetic phenomena, aa« 
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must defer their precise definition till we come to that pan 
of our subject. We will merely state now that 

(i) Electromotire force is measured by the volt, which is 
about equal to that of a Daniell's cell. 

(ii) Resistance is measured by the ohnu which is a cer- 
tain coil of wire offering a definite resistance. 

(iii) Current strength is measured by Si/arad per s€C07ht 
the ferad being the quantity transmitted per second through 
a circuit in which the electromotive force is one volt, and 
tbe total resistance one ohm. 

We shall assume in fiiture, unless absolute units are 
referred to, that quantities are measured in these terms. 
For measuring them we require in practice a galvanometer, 
a set of resistance coils, and a cell whose electromotive force 
is known. 

163u Ptop. rV. To find the cnrrent strength when n cells each 
of resistance r and electromotiYe force E are arranged in simple 
Gircait (see Art. 146). 

We have already shown that in this case the electromo- 
tive force is unaltered, the airsingement being equivalent to 
a single cell in w^hich the plates are n times as large. 

Again^ internal resistance is measured by 

1 length 

c ' section of area ' 

Here length is the distance of the plates, and since there are 
n plates, the surface in contact with fluid is n times as great. 

Hence the resistance is only -• This formula therefore 

n 

becomes 

nE 




r + nE' 



Cor. 1. When the internal resistance is small compared 

to the external, this formula is equivalent to 7= -^ , and the 

current strength is not increased ty increasing the numbtT 
of ceils. If, however, R be small compared to r, or the 



144 



OHM 8 LAW. 



external resistance be very small, the formula is equivalent 

nE 
I = — , or the current strength is increased in proportion 

the number of cells. 

164. Prop. V. To find the current strength when n cells 
arranged in compound circuit. (Art 143.) 

Here we have shown that the whole electromotive fc 
is nE, Each cell, however, introduces a fresh resistance, 
the whole resistance in the battery becomes nr. 

Hence Ohm's formula gives 

j^ nE 
nr+ B' 

Cor. If r is small compared to H, or when the internal' 
resistance is small I=-j^, or the current strength is increased 

w-fold. But if nr be large compared to -B, the formula re- 

nE E 
duces to — = — 1 or the current is not increased bv in* 

creasing the number of cells. 

165. Remembering the construction for the line of 
potential, we can illustrate graphically the two last propo- 
sitions. 

Fig. 49. 







Let AA^ be the internal resistance, and Afi^ the electro-* 
motive force of a single cell. If there be n cells simple cir- 
cuited, the internal resistance is Aa = - AA.. and ac = A^C^. ' 



n 



Then if the external resistance be small compared 'to 
AA^ (as AB^ the intensity is increased in ratio tan AB^c to 
tan ABjC^. 
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Bat if' the exjbemal resistance be several multiples of 
1^ as AB, the increase is only in the ratio tan J.i^c to 
i ABG^ nearly an equality, or the simple circuit is almost 
^less. 

166. In the case of a compound circuit, the resistances of 
3 successive cells are represented by Aa^y afl^ ^«^8*-*^»-i^«> 
i the electromotive force is a^G^ — n.a^c^ or n times the 
ctromotive force of a single cell, li AB be the external 
istaace^ the line of potential will outside the battery be 
-^en by Bc^. For the law of change in the battery we 
arly have a broken line discontinuous at each junction, 
t if we assume the whole rise in each cell to take place at 
3 zinc plate, assuming the last zinc in connection with -B, 
3 line will be represented by the broken line d^d^ d„. 

Fig. 60. 




a^c^ represent the electromotive force of a single cell, 
e increase in quantity will be in the ratio tan m.Bc^ to 
Q ABc^. This is large when AB is considerable. 

167. If AB be very small so that A and B coincide, the 
le of potential will be as in the following figure, in which, 

Fig. 61. 
Cn 




«ii-f 



^ ^ ^1 A 



Cm -^^ 



Yi 



from the conBtruction of the figure, it la dear that t 
in each cell of the battery is equal to the rise at c 
plate. There is in this caae no gain from using a c 
circuit. 

168. The corollaries to the two last propositions 8 
that when the external resistance is very large then M 
advantage obtained hj arranging tlio cells in simple c^^^^ 
and when very small there is no advantage ia ; 
them in compound circuit. When the redstance is mod 
we obtain a greater current than by either arrangemenlJ 
a combination of the two, which may be called miaied an 
and is illustrated in the six cells following, in 'whic^ 

Fig. 53. 



r verti( 



ZF XP ZP 



vertical rows are simple circuited, and the horizontal,! 
compound circuited; the arrangement being the same a' 
of three cells arranged in compound circuit, each cell 1: 
plates twice as large as those of the given cell. 

169. Prop. VI. To find the cturent-strengiJi due to pa J 
mranged in q horizontal tots of p cells, the cells in eac]i,| 
being in compound circuit and the successive rows in ■ 
oircnit. 

Here the electromotive force is clearly pE, and<| 

ix'sistance in the hatteryj) x -, since the an-angement ibJ 

same as that of p cells whose plates are q times as 1 
tlic plates of each cell, 



ohm's law. 147 

. Hence Ohm's formula gives 

2 
170. Prop. VH To find the best axrangement of n cells 
vlien the external resistance is given. 

Let them be arranged in q rows of jp cells each. 

Then we have n =pq, 

? 
"We want to find values of p and q which make / a 
nazimum. 

We have J= * = r . 

q q P 

Hence we mtist make - -I — as smaU as possible. 

q p 

Nowr+^=F:+^ 

q p n p 



■V?-(^/?-^/f)■• 



The right-hand side is a minirnum when the square it 
xmtains vanishes. 

Hence, if -B is not too great, we make 



u \ p' u q 



w the external resistance must he made equal to the internal 
mstance. 

The greatest value of — is clearly when p^n and j = 1 ; 

ihen R^nr. 11 B has this or any greater value, the com- 
pound circuit is the best. If R is less than this we must choose 
p and gr go aa to satisfy as nearly as possible the coiodilYorc^ ^1 
making the externa] and iaterndX resistances ec\\xaA.. 
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171. The proposition of the preceding article may 
be treated graphically. 

If there be n cells of electromotive force E and n 
R, arranged in q rows of p cells, we have for € the el( 
motive force ana p the internal resistance of the battery, 
equations 

€=^pE, 
pR 



Hence 



n=pq, 
~ - ' n\Ej ' 






n 

nE* 
R 



f>; 



an equation which shows that if /> be an abscissa and 
the corresponding ordinate^ the locus of its extremity is 

parabola whose latus rectum is -^ . Hence in all 

ments of the battery the relation between its internal resi 
ance and electromotive force is represented graphically 
the abscissa and ordinate of a parabola. 

The only part of the curve practically available will 

j> 

that between the abscissa — > when the cells are simple 

n 

cuited, and nR when they are compound circuited. 

Tracing the curve we shall have the portion betwc 
B and (7, mr instance^ available. 

Fig. 53. 
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t 

If the external resistance be set off to the right of A along 
the axis, equal suppose to AF^ the intensity of the current 
' when simple circuited is tan AFBj and when compound cir- 
. caited tan AFC (Art. 158). 

The greatest possible strength of current will be that 
corresponding to a tangent drawn from F to the parabola, 
suppose FF; then Alt is the internal resistance, PR the 
electromotive force, and the intensity is given by tan BFP. 

By a well-known property of the parabola we have 
AJS s= AF, or the external and internal resistances are equal. 

172. PropI Vm. To inyestigate tke strength of the current 
and the whole resi3tance in any divided circuit. 

Suppose the potentials at two points -4, -B to be V and 
V\ Let the resistances in the various branches A CB, ADB, 
AEBf &c. be-B^, B^yB^ ... and the current strengths j^,/^,/^... 




Then in the respecfi\»e branches by Prop. I. 



Hence V— V — , 






R^ R^ R^ 



= ti 



1 + 1+-^-! 



8 



But the whole cujrent passing is clearly the sum of that 
passing in each branch. 

Hence J = f, + i; + Jr8+ 

Letalflo 1=-!- + -^.^ + ^^+ 



But by Art. 157, when 

r V-V 



1 



11 is by definition the resistance of the conductor. 

Hence for the resistance of arty divided circuit we havfi 
if R be the whole resistance and R^, R^.,. the branch ci 

sistanceS) 

R R^^ Rj^ R, 

and the current in each branch is inversely proportional to 
its resistance. 

173. Prop. IX. To investigate the current in eacli branch of 
any net-work of linear conductors. 

Any net-work may be resolved into a system of lim 
conductors, and a system of junctions at which three or mc 
linear conductors meet. 

We must begin by fixing arbitrary values to the poten- 
tial of each junction, except two, at which we must suppoij 
the potentials given by connection with a battery or otiifli> 
wise. 

For each linear conductor at whose extremities the poteO' 
tials are Vr and Vp, whose resistance is R^, and in which tiu 
current is I^, we have 

Vr-V^ = I.R. {A), 

and similarly for each linear portion. 

For each junction we know that the same amount of 
electricity which flows to it must flow from it. Hence \S 
I /,, /, . . . he the intensities of the currents flowing all to or' 
iMfrom a given junction, we have the algebraical equation ' 

I^ + T^ + T, + =0, 

or S/=U (S). 



The systems of equations (A), (E) always give us enough 
iple simultaneous equations to find the current in each 
inch, and the potentisd at each junction. 

174. The equations (A) can usually be simplified by 
garding the net-work as a set of closed circuits. 

In any closed circuit ABG, where there is no impressed 
lectromotive force, we have 

Fig. 55. 




Hence I^R^ + I^R^ + I^R^ = 0, 

or 2/iJ=0. 

If there be in any branch an impressed electromotive 
force JB', we have similarly 

XIR = I! (C). 

The sets of equations (B), {C) will be generally sufficient 
to determine the current in each branch. 

175. Prop. X To investigate the current-strength in a 
vyBtem consisting of six conductors joining four points (a qua- 
dxilateral and its diagonals), four of the branches having in 
them electromotive forces. 

Let ABCD represent such a system. Let the current- 
strengths in the branches be /j, J^......!^, the elec.txwevsA»\N^ 



forces £■, £^,, and tho total resistances II^ ^,. «' 

figure. 

Fig. 




Tlie equations for current-strengths are — 

torn ABD; E,-E, = I,E^-I,B, + J,Ii^ (ii) l{t 

mmADOF; E, = J,2i,+I,R, + I^It^ (iii)! 

= /,-/.- 7, (iT)l 

= 7.-T,-'J. „ (y) (J 

C; ■0 = /,-r,-/, „...(vi)( 

The SIX' equations (B), fC')*are independent and snffi 

determine the current-strength in each of the sis brandu 

An important case arises when the current in one hwi 

i independent of the electromotive force and resistance 

inother branch, in which case these two branches are H 

e conjugate to>each other. 

17S. Frop. 2X To show that in the system of six condncM 

folidng four points the diagonals are conjngate to each ot^ 

' } products of the resistaiices in the opposite sides be eauilT 

We must proceed to solve tbe six eqnatwna of the 

proposition "to find /,. We shall adopt the method of il 

Seterminate multipliers, multiplying the equations (u)— (? 

".p \...\ respectively. If we add the resulting < " 

i together and equate separately to zero the ooeffit 

f 1^1 /,, /j, /,, /„, we shall have five equations to det 

... \, and the remaining equation for 7^ — 

7,CX,i?,-X,)=£',-f-^,-|-X,(£;-£',)+\S, (viO. 

t yf'iW by this equation be independent of 'E^ if X, = 0. 



..(V 



extra 

1 



Writing down the five equations for \'s, with the extra 
condition X,=s 0, we have 

\+\ = 

Iii-\B,-\-\ = <) 

The condition that these equations can be satisfied sinH 
taneously is found by eliminating \, \, X,, \ from tl 
The result is easily seen to be 

S,M,-It,B,= (ix). 

If (ix) is satisfied, (viii) can be satisfied, and (vii) will 
then be satisfied with the extra condition Xg = 0. In this 
/, is independent of E^, and since ii, enters none of 
equations (vii), (viii), I^ must be also independent of B,. 

CoE. 1, Conversely the current in ^t7 will, if (ix) be 
satisfied, be independent of the electromotive force and re- 
Eustance in BD. 

Cor. 2. If /, = 0, which will happen if (ix) be satisfied 
and £, be the only electromotive force, it is clear that B. 
enters none of the equations (B), {C), and the currents in all 
the branches will be unaltered by making or breaking con- 
tact in ifC. 

177. Prop. XII. To find the time of discharge of a given 
electrified Bystein. 

Let the two surfaces j4, B be at potentials F, and F,, 
and let B be the resistanoe of the medium interposed be- 
'tween them, all measured in absolute units. Let also G be 
'Uie electrostatic capacity of the system; then the quantities 
of electricity ± P ( K — K,) tend to neutralize each other by 
conduction through the medium. 

Let us assume that v is the difference of potential, and 
± o the quantities of electricity after a time (, and that v' 
sod 4 q' represent the same things after i + t, where t is 
a very short interval. 

By Ohm's law -^=111 where I is quantity of flow per 

second. 



. »■ 



.. 1 ■«: 1 
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Hence the quantity which flows through in time r 



' 'i 

T VT i 



Hence 2"'?' = "d* 

But ' g-j =(7(t;-i;'); 



Hence t = tJR 



V 



As before in Art. 113, when is very small, as will 



be the case here, we may put 

= CR (log V - log »■). 

The same proposition will hold for any number of very 
short intervals; we shall have, if v be the difference of poten- 
tial after a time t from charging, 

«=CfB{log(r,-F.)-iog»}; 

JL 

which gives the potential at any time t 

If we observe that t;=-(F,— FA or the diflference of 

potential falls to one n*^ of its first value, 

1 -i- 

n ^ 



'J.- - •- . . •■ * .-^ . • ■ . ' 

fc ■ ■ ■ , ■ * 
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^ 178. Prop. XUL If K be the specific indnctiTe capacity, and 
p the specific resistasice of a substance, and if G be the electro- 
static capacity of any condenser made of that substance, and 
B its resistance to the passage of electricity; to prove that 

0B=^ . pK in absolute measure. 

It is assumed that lines of force proceed exclusively from 
one surface to the other of the body under coDsideration. 

To find the electrostatic capacity, we notice that along 
any tube of force Fa- is constant, and at either bounding 
surface F<r = iirpa = 4i7rq, Hence the whole charge Q on 
either surface is given by 

iirQ^tFa, 

and if F^ be computed on the assumption that the opposite 
surfaces diflfer in potential by one unit, 

Q=(7 when ^=J^,; 

if the dielectric be air. In the supposed case where the 
dielectric has specific inductive capacity K, 

But it has already been shown (Art 156) 

p_ 1 P_ 

•^^ C^F^xT^XF^cr' 

where - = c, the specific conductivity ; 
P ^ 

or BG^^pK. 

Cor. We have shown in the last article that if t be the 
time of falling to ( - ) of charge, 

log. n 
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PKOBLEMS IN VOLTAIC ELECTRICITY. 

181. In the following problems we shall endeavour to 
illustrate the propositions of the preceding Chapter by laying 
before the student a number of results mostly of the highert 
importance to the practical electrician. 

The chief instruments we shall assume used will be a 
galvanometer and a box of resistance coils^ witii perhaps 
occasionally a quadrant or other form of electrometer capable 
of giving absolute measure. The theory of the galvanometer 
we do not enter into here as it belongs to Magnetism. We 
shall assume however that the form used is that known as 
the tangent galvanometer (unless the contrary be stated), in 
which the strength of the current is proportional to the tan- 
gent of the deflection. 

It is not generally necessary to determine a current in 
absolute measure, our problems nearly always depending on 
the comparison of two currents with the same galvanometer. 

182. Prop. I. To investigate the electrical concLitions of 
Wheatstone's Bridge. 

Wheatstone's Bridge is only a particular case of the sys- 
tem of conductors investigated in Arts. 176, 176* 

This instrument consists essentially of a double divided 
circuit, two points in the divided branches being joined by a 
conducting wire. These divided circuits are ABC and ADGy 
and BD is the joining wire. In the portions AB, B (7, CD, DA, 
are introduced resistances, which we shall call p, q, s, r. and in 
BD is a galvanometer whose resistance we call g. The cur- 
a galvanic cell enters at A and leaves at C. The 



r 
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cell is ^, and we shall dienote its electromotive force by E 
and resistance by R, 

Fig. 67. 




The current-strengths in the various branches we denote 
by J,, 7j, J,, 7^, /,, /,, as shown in figure. 

Then in drcuit EABGE we have 

E=BI+pI, + qT, (i), 

mABD. 0=pl^+gl,-rl, (ii), 

in BCD, 0^qI,-sT,-gI, (iii). 

atA /=/, + /. (iv), 

ate, I = I, + I, (v), 

at 5, I, = I, + I, (vi). 

These six equations will be found independent, and can 
be easily solved, giving the strength of the current in each of 
the six branches. 

By(vi), I, = I^-I, 

By (v) and (iv), J,=I-7, = 7-/, + 7. = /, + 7,. 

Substitute in (iii), 

0=2(7,-7.) -s(7, + 7,)-^7., 
or j7,-«7,^(j + « + 5f)7j = 0. 

By(ii), pl,-rl,+ffl, = 0. 
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Hence 



— •*» 



r(s + 8 + g)+8g p(q + 8+g)'^qff qr-ps* 



1.-1^ 



also =? 
and 



«(i>+r + 5r) + rgr 8{p+r -^-g) -{-rg 
I. + I. I 



P{i+ff)+i(r + ff) p{2+g) + i{r+g) 



by (vi), 



by (V), 



(r+2>)(j + s)+5r(p+2+r+«) (r+jp+5r)(gr+«+^)-^ • 

These equations with (i) give the currents in the branches. 

The one of practical use is /g, the current in the galvano- 
meter branch, and in the general use of the instrument this 
is made to vanish. The condition for this is clearly that its 
denominator shall viinish, or that . 

yr— ^5 = 0, 



or 



p I q i: r : «, 



a relation on which the use of the bridge depends. 

183. In practice one resistance is generally known, that 
in AB suppose, while that in BC is requii*ed to be deter- 
mined. ABC generally consists of a straight wire at any 
point of which by a key the branch BB is completed. By 
moving the key we find the point B for which the current 
vanishes, and reading off the relation of the lengths AD : DC, 

we have AB : DC :: p : j, 

whence q becomes known. 

184. We might at once see by the graphical method that 
if this relation hold, there is no current in the galvanometer. 

Fig. 68. 
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Let the resistances ABO and ADC be represented by 
ABC^, ADC^. 

Let tbe differences of potential between the extremities 
;of the conductor be represented by AP^ perpendicular to 
\AG^, and AP^ equal to it perpendicular to AG^. The line 
fP,C, represents the fall of potential along AC^, and P^O, 
lalonsr AC^. 



By similar triangles 



land 



BE^ : AP^ :: Gfi : C^A, 
DK : AP. 



Hence 



■if 



C.B 



BE, = DE^, 



C^A. 



or 
or 



C,B 



DA, 



BA :: C,D 
C,B . DA = BA . C^D, 

the relation already found. If B and D be now joined there 
will be no current in BD, since the extremities are at the 
same potential. 

Cor. It follows that the currents in the other branches 
will remain unaltered whether the branch BD be open or 
closed. 

185. Prop. n. To find the resistance of a galvanometer coil. 

This resistance can be measured by Wheatstone's Bridge 
Just as any other conductor. After the magnet has been 
mounted in its place, the following method, due to Sir W. 
Thomson, is found to lead to more accurate results. 

Place the galvanometer in the branch BG (fig. 57), and in 
BD place a contact-breaker instead of a galvanometer. It 
appears by the corollary to the last Proposition that if the 
relsition ps = rq be satisfied, the galvanometer deflection will 
remain the same whether contact in BD be made or broken. 

We have therefore only to adjust the other resistances 
until the galvanometer reading does not alter on making or 
breaking contact in BD, and then the resistance of the gal- 
Yanometer is given by 

sp 

/7 = -s- . 



C. E. 



W 
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186. Prop. nL To measure the internal resistance of 
tery. 

1st Method. If we make circuit in the battery by 
of stout wire connecting its poles with the galvanomet^ 
only external resistance will be that of the galvanome 
Then if 8^ be the observed deflection, and x the unl 
internal resistance, 

c tan S, = , 

where c depends on the galvanometer. 

Introduce now between one pole and the galvanom 
measured resistance r. If S^ be the new deflection 

c tan S„ = 



dividing 



tanS 



1 __ 



x+r+g^ 
x + r + g 



tan Sj "" x + g ' 
a simple equation for x. 

This method is open to many objections, as the ob 
tions are taken with two different current-strengths, 
these objections Mance's method seems free. 

187. 2nd Method (Mance's). In this method is emj 
a modification of Wheatstone's Bridge, similar to that 

Fig. 59. 

B 




by Sir William Thomson for measuring the galvanoi 
resistance. The cell whose resistance is to be measui 
placed in BC, the galvanometer in AG, and a contact-br 
in BD. The arrangement will then be as in the figure. 
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Now if the resistance in the branches satisfy the condition 

= gr, the branches BD and AG are conjugate, and con- 

uently making or breaking contact in BD will produce 

effect on the galvanometer in A C. If therefore one re- 

ce be adjustable, we adjust it until the galvanometer is 

influenced by making and breaking, and we have then 

r q, the unknown resistance, 



\ 



I 



ps 

188. Prop. IV. To compare the electromotive force of two 
Us. 



1st Method, Take one cell and introduce resistance till 
ihe galvanometer stands at a certain deflection S^, Let r^ be 
tthe resistance introduced; g, B those of the galvanometer 
|and cell; then 

c tan S, = — ; — ^ — ^ ♦ 
^ r^-\-g + B 

[Add resistance r/, so that the deflection comes down to S^, 

:, ctanS3 = -7- ^ — —j.\ 

1 r' 

/. - (cot 8j — cot 8 J = ^ • 

Next, by introducing resistance into the circuit of the 
ther cell bring its deflection to S^. Add resistance (suppose 
') till its deflection is \ as before. 

1 r ' 

Then , -(cotSj,-cotSJ= -^; 

r' t' 

the electromotive forces are proportional to the resistances 
hich must be introduced to bring the galvanometer from 
le fixed reading Z^ to another S^. 
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The objection to this simple method is that the elect 
motive forces are subject to variation from a variety of cai 
when the battery is in action, and the comparison ahon 
always be made when no current is passing. 

189. Slid Method. By Clark's Potentmneter. For fl 
method we require a battery of very constant electromotiw 
force, aud a length of fine wire coiled along i 
cylinder similar to Wheatetone's rheostat. 

Let A be the constant battery. BG the cylinderj 
E^, is', the cells to be compared, 
He. CO. 



_ffi_ 



Connect the battery A and a variable resistance ■| 
circuit ABC, and make a branch circuit BG^E^C casA 
a galvanometer O, and the cell E^ {which is ( _ _ 
have greater electromotive force than £J, so placed t 
cun'ent in BC is opposite in direction to that of A.\ 
the resistance in AC till the galvanometer G, 
when the difference of potential between B and G "W^fl 
E^. Introduce now the second cell i?, having its nega^fl 
at B, with a second galvanometer G^ With the ■ 
pole D make contact at successive places along BC t' 
is no current in G^. We then have £'. E^ :: BSt 
Hence if a divided scale be attached to BC and ^ 
from to 100, we can at once r^ad ofi" the electromoE 
force of E^ in terms of E^, 

190. Prop. V. To find the position of a " fault." 

In practical telegi-aphy faults arise from a large varif 
of causes and under a variety of circumstances, which | 
flueuce considerably the method adopted for their detto " 
Riid the determination of their -poBitLon. 



PROBLEMS IK VOLTAIC ELECTRICITY. 165 

The following include a few of the methods most com- 
lonly applied. 

1st Method* For a land-line in which the wire is com- 
letely broken, the broken end not making earth. 

In this case the resistance will be enormously increased, 
be only escape of electricity being by the insulating sup- 
orts, or through the gutta-percha sheath which surrounds the 
nre. In this case it is clear that the resistance is inversely 
►roportional to the length of cable tested, and we shall have 
he proportion, 

lesistance after fault : Resistance with distant end insulated 

: : length of line : distance of fault, 

irhence the distance of the fault is found. 

191. 2nd Method. When the wire is severed and the 
►roken end makes complete earth. 

Here the resistance will be diminished, since the elec- 
ricity escapes to earth at the fault, instead of at the further 
nd. Hence the resistance will be directly proportional to 
he length, and we have 

Resistance of whd^e line withj . Resistance of faulty line 

: : length of line : distance of fault, 
hence again the position of the fault can be found. 

192. 3rd Method. When the wire is not completely 
roken, but makes partial earth. Blavier's Formula. 

Let R be the resistance of the line AB when perfect, 

Fig. 61. 

B 



X 



the resistance of the faulty line measured from A when B 
to earth, T the resistance of the faulty line when B is 
siilated. 



< 4 



If X, y, z be the resistances of the portions A C, CB, and I 
of the fault at C, we have J 

■B-x+y H. I 

8=.+^ (ii), I 

T = x-i'i (iii), I 

three equations for ,t, y, z. I 

By (i), y-R-t, J 

and by (iii), z = T—x. I 

Substituting in (ii), H 

.-. {a;-S)»=iir-(i; + r)s+S' 4 

= {B-S){T-S); ^B 

.-. a;= 8-J(B-S){T-S). ^M 

^liich is Blavier's formula. ^^| 

193. ThesQ methods all have the imperfection (^^^| 
euming that the resistance at the fault remains con3taii(^^| 
vanishes) during the meaeurementa, and of neglecting ^^| 
leakage through the insulating sheath or supports. Ti^^| 
owing to polarization and a variety of irregularities, is >^^| 
found to be the case. To get i-id of this difficulty, TBii|^H 
methods have been devised depending on the measureni^^H 
of potential instead of resistance. The following, due to^^H 
Siemens, seems free from objection. ^^H 

4ith Method. Siemens' Method for a submarine cabl^^H 
land-line. ^^1 

Let AB represent the faultless cable insulated at n^^| 
ends, AG, BE equal but variable resistances, CD, BF ej^H 
stant equal resistances. At D the positive pole of a bati^^| 
is attached, and at E the negative pole of an equal battt^^| 
the opposite poles being to earth, l^^l 
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;f DO9 FK be the potentials at D and F, the line of 
3f potential will cut AB in the middle, or the middle of 



Fig. 62. 



C G 



B^ EF^ F 




Ji' DC 



; cable will be at zero-potential. The equal differences 
x — CH and FK—EL can be measured at the two ends 
quadrant ,electrometers (for instance). If now a fault 
se at N, the potential at this point some time after the 
Lachment of the batteries will come to zero, so that the 
fferences DQ — CH and FK — EL will no longer be the 
me as before, or equal. If however we now alter the 
triable resistances increasing AG hj C(J, and diminishing 
E by EE' when CO = EE\ it is clear that by properly 
boosing these resistances we shall get the new line of fall 
f potential parallel to the old one, and passing through N 
nstead of M. We shaU then have I^C^MC; NU = MD ; 
f!E' = ME; NF'^MF, and we shall have the same differ- 
eaces of potential at the two ends as before; in fact 

In this case the amount of resistances added at A and 
subtracted at B gives the distance of the fault from the 
Diiddle of the cable towards A. 

If the fault be at the middle of the cable, it is clear that 
the result is not affected by normal leakage, and if it be not 
at the middle, allowance can easily be made for the error it 
produces. 

194. 5th Method. When the core of a submarine cable 
is broken, while the sheath remains unbroken. 

The best means in this case, is to measure the electrostatic 
capacity of the broken part of the cable*, tl[ieix,tti.om\i^\s^ 
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previous experiment the capacity per mile, a simple divisic 
gives us the distance of the fault. 

A large number of other methods are used in practic 
but the principles of them all will be understood from 
foregoing examples. For descriptions of these methods 
reader is referred to Mr Latimer Clark's Electrical Met 
merits, 

195. In our previous examples we have assumed 
conductors cylindrical, and the lines of flow everywhere! 
parallel to their length. These are the cases which mortj 
frequently occur in practice. We shall however give now j 
two or three examples of calculating the resistance in con-| 
ductors not linear in form* 

Prop. VI. To calculate the resistance of a conductor boundel 
by two coaxial cylindrical surfaces. This will apply to flit' 
liquid in the circular form of Daniell's or Bunsen's celL 

Neglecting a portion near the ends, we shall assume 
tubes of flow everywhere perpendicular to the axis of 
cylinder. 

Let the figure represent a section of the cylinder, and 
conceive it made up of concentric 
thin cylinders, such as PQ, The 
tubes of flow will be everywhere 
perpendicular to this cylindrical 
shell, and we may assume its re- 
sistance the same as for a linear 
conductor, whose section is its area, 
and length its thickness. Hence 
the resistance of the elementary 
cylinder 

c'2ir.0P.l' 

where c is specific conductivity, and Z the length of the 
cylinder. 

The resistance of the whole cylinder will therefore be 



Fig. 63. 




2Trcl UF' 
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Sut since. Art. 31*, 

^ = log(l + (^pj=log^, 
Hesistance required 

SummiDg all successive differences, we have 

2^^ (log 05 -logo J) 

27rcZ ' 

where r, is the external and r^ the internal radius of the 
cylinder. 

This result is a particular example of the theorem of Art. 
178, and might have been deduced from the capacity of the 
cylinder investigated Art. 118. 

196. Prop. Vn. To investigate the resistance of a large solid 
body of any form having two electrodes connected with the poles 
of a battery sunk in it to a considerable depth. 

This investigation of course applies to the resistance of 
the Earth treated as the return line in Telegraphy. 

We shall represent the two electrodes as two conductors 
sunk in the body, and charged with equal amounts of elec- 
tricity, one positive and the other negative, and on the 
principles enunciated in Chap. III. we shall proceed to de- 
termine the form of the equipotential surfaces and lines of 
force. 

The form of the electrodes will be of small importance 
except very near them, and we shall for convenience assume 
them to be spheres charged with quantities + m and — m of 
electricity. 

In investigating the lines of force we must in theory take 
account of the distribution on the surface of the body. This 
produces a great complication in the theoi^f , aiaA. ^^\ia;?^^\i<et^ 



taken tbe case in which the electrodes are deeply sunk, i 
we may neglect this distribution ; in fact, the cwrrents ne«rj| 
surface will be ao weak that we may neglect them entire 
On these suppositions the potential at any point diBl 
r,, r, from the electrodi;^ will be 

n 



<-^- 



If tbe mass, to begin with, be at zero-potential, and j 
the potentials at the two electrodes whose radii we will tf 
to be p, then ni = pV, and the whole electromotive ;"" 
between the electrodes is 2V. 

To find the intensity of the current, we have to conaj 
that the flow across an equipotential surface of a 
cFa, where F is the resultant force, and c the specific < 
ductivity : then the whole current-strength will be given 1 

1= c^F<7. 
when the summation extends over any equipotential surf 

Now the electrodes are themselves equipotential j 
faces, and we may consider the summation to take i * 
over either electrode. 

Since r, may be regarded as infinitely large (comp 
to p) for any point on the surface of the positive electi 

tbe potential over this electrode is - - . 

And on the same hypothesis the force will be - 

Also the area of the electrode = i-rrp' ; 

.'. "SiFtr = 4!irp' . -J = i-jrm = iwp V, 

or if E be the whole electromotive force between the f 
electrodes E = 2V, and we have 

/= 2wcpE. 
But if R be the whole I'esistance, 
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i? = 



Stt/} . c * 

Hence we see that the resistance is independent of the 
distance between the electrodes but varies inversely as their 
linear dimensions. 

197. It may be interesting to notice that we might 
have deduced the same result by considering the plane 
which bisects the line joining the electrodes at right angles. 

The potential at any point on this plane clearly vanishes 
since we have for the potential 

1 i\ 



m 



rj 

'2' 



and 



7* = 7* 
^1 's 



The negative may then be regarded as the electrical 
image of the positive electrode, and the force at any point P 
on this plane is, Art. 104, represented by 

where m = quantity of electricity, p = perpendicular distance 
of the plane from the electrode. 

Fig. 64. 




For the annuliis corresponding to PQ we have 



f But CP.PQ = AP . QR, where I'R ia perpentlicula 
\AQ. 

:e F»--|^,.2ijlP. I2fi 

AQ-AP 

AQ-AP 

-*""^-irp:AQ 
-*'"'" {ip-j^- 

Heoee for tlte current-strength across this surface 
/ = c— i^tr = 4n!^CTr f - J 

= 4wicir. 

Exactly the same result as for the current across the 
electrode. 

In this we have assumed no approximation except tl 
the body under coQsideration is of infinite extent. 

198. The result indicated in the last Article hut 
is found to agree fairly with experiments. 

This investigation also shows the importance of placifl 
the electrodes in moist ground whose specific resista 
ia small ; otherwise the resistance offered by the ' 
layers of the soil round the electrode may be much greaB 
than that of the whole of the rest of the earth. Whe^ 
badly conducting portion occurs at a distance from the eP 
trades, the principle of divided circuits shows us thu 
produces a very small effect indeed on the whole resistanf 

199. Cor. The same method may be applied t 
explanation of Nobili'a rings when the fluid stratum i. 
thick compared to the distance of the electrode fron 
metal plate. 

These rings, as is well known, are produced when I 
forming one electrode is immersed in a £uid spread^ 



& metal plate forming tlie other electrode, theae electrodes 
lieing connected with a battery. If the fluid is au electro- 
lyte it will be decomposed, and some product of decom- 
position will be laid in thin layers on the metal plate. The 
varying colour produced by thin plates according to their 
thickness will vary witb the thickness of this deposit, and 
the thickness of the deposit will depend at each point on 
the intensity of the electrical force. 

Now this will be electrically the problem we investigated 

(Art. 104) under electrical images when we had an electrified 

point placed near an infinite plate. 

The force at each point on the plate will be that due 
to the electrified point combined with its electrical image, 
and is shown to vary inversely as the cube of the distance 
between the electrode and the point on the plate. Hence 
the thickness of the deposit will vary also as the inverse 
oulie of the distance. The remaining part of the investi- 
gation having reference to the succession of the coloured 
'lings produced, being an optical problem, is out of place 
We. 

200. "We have shown that the amount of electricity 
tr»nBmitted across any section of a tube of force is propor- 
tional to a quantity c which depends only on the nature 
i>f the substance. If the substance contained in any tube 
w not isotropic, c will vary, and we shall have different 
cunent-strengths in different parts. As a consequence we 
*liall have a charge of electricity gradually developed at 
tbe surface bounding the heterotropic parts of the tube. 
We now give an example of this kind. 

Prop. VIIL A stratified plate composed of parallel isotropic 
Ivoliue has its opposite faces kept at given potentials, to find tiie 
''Hioimt of the electric charge at the surface bounding two layers. 
Let there be three layers A, B, C, and let t,, E^, C,, /),, 
*i he the thickness, resistance, capacity, specific resistance, 
'^Hd inductive capacity respectively of A, and let similar letters 
*ith snffixes 2, 3 denote those of B, C. 

Let the potentials at the surfaces A, S; B, C be initially 
'' and F,, and finally I'/ and I','. JH 
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Lec alim chd poCenoals at tbe ovter sm&ces be 



I 



InitalH, since there is no electrostatic chai 
rarCtiKs J. B and B, C, we shall have 

-cjF- rj + c,(r.- rj =oat a, e 
r-r F-F, F, 



c. c. c. 




. ^ ., ^ 


r 


c+c*c. 


c 


These equations give 




7-r..^F;r.-r.=^_r; 


^.-i 


Nest for the current-strength ia A, B 


Cresp 






^.= ^-. 




^ = ^- 




Eeace 1^ = 1, = /. only if 




Y-7, r,-r. r.-r. v 




B, "" B, B, M, + U, + K 
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Hence if the current in these plates is the same, 

§ ^= § ^' or B,G, = B,C, = R,C, = EG. 

If this relation does not hold good, a gradual storing up 
of electricity will take place at the surfaces A, B and B, C. 
The law of the development of these charges is complicated, 
but their ultimate amount we can easily see. In fact, the 
storing up will go on until the currents in the three plates 
are equal. Hence if F/ and V^ be the ultimate potentials 
B,t A., JB; B, (7 respectively, 

^^^ — —^ ^- = -^ , and therefore = -^ . 



Under these conditions the charge bound on the plate A 
at the surface A, B 

that bound on plate B at surface J., B 

and that bound on the plate B at surface 5, G 

= _(7,(F/-F;); 
and that bound on plate C at surface B, C 

Hence the whole charge on the surface A, B 

— (7,(f-f,') + c,(f/-f;) 

and the charge on the surface B, C 
Y 

But by Art. 178, 
^*^^"i^^^^' ^.C', = ^p,£;; andi?3(73 = ^P3^3. 



PROBLEMS IN VOLTAIC ELECTRICITT, ^H 

Hence tbc atnonut at surface A, B 

anj the amount at surface B, C 

The same theory might be extended to any nunibiir of plates. 

It is to be noticed in the above results that the charges 
accumulated at the surfaces are indepeudent of the thick- 
nesses of the plates, and depend only on the change iu 
value of pK. 

If the outer surfaces be brought to zero, it is clear that 
this accumulation within the conductor will in part be con- 
ducted back again in reverse order to the exterior, until the 
whole is discharged. 

Cor. If only some of the plates be conducting an^l 
others non-conductors, the same general effects will folloif. 
Thus if 5 be a conductor, charges will be developed on the 
surfaces A, B and B, 0, which will be bound across the 
dielectric to parts of the chaises on A and C, which parts 
will by that means ha disguised. The amounts so disguisetlj 
the student can easily investigate for himself. 

201. This proposition is important, since in the opinifiB' 
of Prof. Clerk Maxwell and M. Gaugain it is the best ex- 
planation yet offered of the phenomenon of 'electrical ab- 
sorption,' as observed in the residual charge of a Leyden jar. 
Faraday attributed it to a partial soaking of the electricity 
from opposite sides of the dielectric into its substance. This 
explanation contradicts Faraday's own principle of the im- 
possibility of charging any mass of matter bodily with elec- 
tricity. The explanation furnished by the stratified medium 
shows that the accumulation takes place after the manner of 
a compound condenser on strictly electrostatic principles, 
L-ach charge being bound across the dielectric to an equal 
amount of opposite electricity. As a minor point this ex- 
planation confirms the observed fact that with air as dielectric 
there is no residual charge. We can easily see, however, that 
whatever substance except air the dielectric be composed of, 
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wing to imperfect annealing during cooling, and the 
lecessary irregularity in composition, the medium will not 
»e perfectly isotropic, and where the medium is not isotropic 
he phenomenon of internal accumulation must arise. Prof. 
Ulerk Maxwell justly remarks, that although this theory 
ihows a possible way in which the residual charge may arise 
it is conceivable that it really points to an entirely new kind 
if polarization in the dielectria 



Examples on Chapter VII. 

The foUowing is a table of condnctiyit j of the commonest metals : 

Silver 100. Copper 99-9 Zinc 29. 

Platinum 18. Iron 16-8 German Silver 7*7 

Mercury 1-6 Graphite 0-07. 

The foUowing results of experiment may be assumed : 

Besistance per statute mile of pure copper wire= ohms, where 

I =s diameter in thousandths of an inch. 

Besistance of 1 knot (2029 yds.) of pure copper wire weighing lib. at 
12^ F. = 1091 '22 ohms. (Latimer Clark.) 

1. Find the length of copper wire jj^in* in diameter 
rhose resistance is one ohm. Ans. 125^ yds. 

2. Find the length of platinum wire, of the same dia- 
leter as question 1, which has one ohm resistance. 

Ans. 22J yds. 

3. Siemens' unit is defined to be the resistance of a 
3luiun of mercury one metre long, whose section is a square 
im. Compare it with the ohm. 

A72S, Siemens' unit = 1*08 ohm. 

4. Find the resistance of a fuse of platinum wire fin. 
)ng, of which a yard weighs 2 grains. Given that the 
aecific gravity of platinum is 22, and of copper 8 8. 

Ans, '133 ohm. 

5. Find in ohms the resistance of a hundred miles of 
•on telegraph wire, whose diameter is ^ in. Ans. 816 ohms. 



p 
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Find the diameter of a copper wire of which od 
gives 738 ohms reaistance. Ana, 5 

7. What must be the ratio between the ( 
copper and iron wire that equal lengths may give i 
resistance? A718. 41 to 100 n 

8. What length of german-silver wire "05 in. diamcn 
must be taken to get one ohm resistancet Ans. 6'178 yi 

9. What diameter must a silver wire have that W 
metre may have one ohm resistance ? A'/is, 'OOaSi 

10. Resistance-coils are made of german-silver wi 
•O05 in diamp,tcr. Find the length of it ia a coil who 
resistance is 1000 ohms. Ans. 61"783 yi 

11. If 100 in. of copper wire weighing 100 gra. ii 
resistance "1516 ohm, find the resistance of 50 in. weiglu 
200 gra. Ans. -01895 ohl 

12. Two cells, each one ohm internal resistance, are co 
nected in compound series with a wire whose resistance is a 
ohm. If each of these, when connected singly by stout wii 
to a galvanometer* of no appreciable resistance, deflect 
25°, how much will the combination deflect it ! Ans. 17* 1 

13. A single thermo-electric couple deflects a galvU 
meter of 100 ohms resistance 30*, how much will a hundi 
such couples in compound series deflect it ? (The resiatan 
of the couples themselves may be neglected.) Ans. 41' 

14. The internal resistance of a cell is half an 
when a galvanometer of one ohm resistance is connected 
it by short thick wires it is deflected 15° : by how much t 
it be deflected if for one of the thick wires a wire of 1"5 ol 
resistance be substituted ? Atts, 7 

15. A cell of J ohm resistance deflects a galvanometer 
unknown resistance 45°, the connection being made by abi 
stout wires. If a wire of 3 ohms resistance be substituted 
one of the stout wires the deflection is 30°. Find the re£ii8 
anco of the galvanometer. Ans. 3'8 ohms 



16. A galvanometer of no sensible resistance is deflected 
by A cell connected with stout wires. When a resistance 
I ohms is introduced, the deflection sinks to 30°; find the 
stance of the cell, Ans. G '8 ohms. 

17. A Bunsen and a Daniell cell are placed in the same 
aiit, firet with their electromotive forces in the same direc- 

. and secondly in opposite directions, the deflections being 
[>ectively 30'*2 and 10°'G. Compare their electromotive 
ses. Ans, Bunsen's cell= 1'9 of Daniell'a. 

18. If an insulated closed voltaic circuit be connected at 
»int whose potential is V with an insulated conductor 

capacity is C, show that the potential at this point . 

frT~ff, where G is the capacity of the original;! 
it ; and that there will be a fall of potential through thel 
ole circuit equal to „ .,, . 

19. The terminals of an insulated battery of 520 cells i 
united by 78 miles of cable which have the same resist- ' 

e as the battery. At the extremity of the cable, next the i 

eode, 43 miles of cable are connected with the circuit J 

one extremity, the whole being insulated. Show that the ■ 

«ntial at the zincode immediately falls in the ratio 14 | 
9 nearly. 

20. A battery of seven cells has its ends joined by a wire i 
08e resistance is three times that of the battery. At the . 
ictioB of the third and fourth cells there is connection with ] 

earth. Draw a diagram of the fall of potential in the cir- 1 
L How will the current in the circuit be affected ? 

21. Three Darnell's cells are arranged in compound circuit ,] 
% a resistance of ten times one cell between each two. 
Iculate the current when the terminals are joined by i 
lit wire, and draw a diagram of the fall in potential j 
Wigh the circuit. 

22. If the difference of potential between the two term- 
Is of a battery be measured when the circuit is open, and 
the same difference of potential, measured when closed . U 
' 'half its former value, show that the external and intei jiJ 



B equal. 



\'i- 



23. If by introducing into a circuit (formerly closed bjf 
ehort etout wire) a certain measured resistance, the caires 
Htrength siuk to one-half its former value, show that t" 
resistance introduced is equal to the internal resistance, 

24. Find the resistance introduced into a circuit byttaij 
a galvanometer with a shunt, the resistances of the g 
vanometer and sliunt being kuowii. 

25. Find the resistances in a series of shunts which elu 
allow jj;, :ry-7, T-.jjTTj . &c. of the current to pass through 
galvanometer, the resistance of the galvanometer being k&oi 

26. To a telegraph wire is attached at two points, ( 
yards from each other, a wire of ^'^th its diameter, t 
20 yds. long, which is passed round a telegraph needle ; wl 
proportion of the current passes in the long and short w 
respectively ? 

27. A line joining two places A, B, 130 miles 
10 miles from A drops from its support and rests on aootl 
wire which makes earth at distances 30 and 40 miles, H 
the ratio of the current-strengths at A and B. 

Ana. If sent from A, 8 to 1, if from B, 12 to ■ 

28. In a closed circuit, two points are joined by a 
duetor of given resistance. Given the resistances, write do 
equations to determine the currents in all the branches. 

29. Two cells AA^, BB,, are simple circuited hy w, 
ACA,, BDB^, and the points C, D joined by a wira GBj 
the resistances and electromotive forces, find the currstti! 
CD. 

30. Find the current in the preceding question, 
posing the two cells ai-ranged in a compound circuit. 

31. Show in the last question if the current h 
vanish, and E , E^ be the electromotive forces in AA^ 
respectively, tnen 

E^ : E^ :: resistance in CAA^D : resistance in CBBjp. 

32. Four cells, the resistance in each being 3 ohms, 
used with external resistance 10 ohms ; will it be better % 
use them in a simple or compound circuit 1 

Ans. Compound circui) 



>-^ 
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33. Find the smaJlest external resistance in the preced- 
ig question with which it will be an advantage to use a 
unpound circuit. Ans, 3 ohms. 

34. When the poles of 100 cells in compound circuit 
re joined by a thick wire, a galvanometer deflects 60°; when 
00 ohms are inserted the deflection sinks to 30°. Find the 
Qtemal resistance of one cell. Ans. 5 ohms. 

35. Of two cells one is short circuited and gives 60° 
leflection, and on introducing 6 ohms the deflection be- 
Bomes 45** : another, when short circuited, gives 45°, and on 
utroducing 6 ohms sinks to 30. Find the ratio of their 

iectromotive forces. Ans. ^/S to 1. 

36. The zincode of a battery of 100 cells is to earth, and 
ihe other end communicates with the end -4 of a line AB, 
whose distant end B is to earth. The resistance of the line 
AB is ten times that of the battery. If now a second 
»ttery of 50 cells having also its zincode to earth have its 
)iher end (as well as that of the former battery) to the end A 
)f the telegraph, find the change in the cuiTent in the line. 

Ans. Current is %^ of former value. 



37. A battery of 20 ohms resistance sends a current 
through a galvanometer of 15 ohms resistance to a line of 70 
ohms resistance, and at the other end is a galvanometer of 15 
ohms resistance. What effect is produced on each galvano- 
meter if there be a fault whose resistance is 20 ohms in the 
middle of the line. 

Ans. Current in battery galvanometer is altered in ratio 
84 to 59, that in line galvanometer in ratio 24 to 59. 

38. If the position of the fault were unknown, show 
kow it might be inferred from the readings of the galvano- 
meters. 

39. In a compound arrangement with 3 cells and no 
external resistance except a galvanometer the deflection was 
observed to be 60°. Using one cell only and the same exter- 
nal conditions the deflection was 44°. On introducing into 
the latter arrangement 20 ohms additional iesis.tan.cQ tte 
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deflection sank to 25". Fiud the resistance of the gah 
meter aud of eacli cell of the battery. 

Ana. Interna] resistance 8 olinis. 
Galvanometer „ 7 ohms, 

40. One hundred cells each of internal resistance : 
ohms are to be used with 25 ohms external resistance. Fin 
the arrangenaent which will give the strongest current IS> 
the strength of this current. 

Arts. 4 rows of 25 cells. Current -strength }i 

41. What is the beat arrangement of 6 cells each of |ohs 
resistance against an external resistance of 2 ohms ? 

Ans. G cells in compound circuit, or 2 rows of 3 cdll 

42. "What ia the best arrangement of 20 cells each V 
8 ohms resistance against an external resistance of 4 ohmat 

Ans. 2 rows of 10 ci 



43. A battery of three cells ia arranged in a 
circuit so that there are two rows containing 1 and 2 
respectively, and the terminals are connected by a wire « 
resistance E. Find the current-strength. 

Ans. qTT"9P' ^'li^re E is the electromotive force and 
the resistance in each cell. 

44. A battery of six cells is arranged in mixed circw 
so that there are three rows containing respectively 1,2 s 
3 cells. Find the current-strength in a conductor joinis 
the tcrminala. 

^"'- GflTlJ 

45. Ahattery ia arranged in mixed circuit coQsistinB;^ 

n rows containing respectively 1, 2, 3 n cells. SEol 

that the current-strength in a wire joining the terminals 
given by 
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46. In Wheatstone's bridge as commonly used (Fig. 57), 
low that when the branch BD is open the diflference of 
otential between B and D is given by 

E{p8 — rq) 

R[p + g + r + s) + (;) + 5) (»' + 5)* 

47. Find also the electromotive force in BD when this 
branch is closed. 

48. If |) = 16, y = 4, r=41, 5 = 1'03 and jB = 4, 
ind the galvanometer resistance is very great, find the part 
f the whole electromotive force which acts in the bridge- 
)iece. 

^''^- 2539* 

49. A polarized voltameter and a galvanometer are 
ncluded in the bridge of Wheatstone's bridge and the resist- 
inces arranged so that there is no current in the bridge; 
ihow how to determine the electromotive force of polari- 
sation. 

50. A voltameter or polaiizable cell is included with a 
jommutator in the branch AB suppose of the bridge, show 
rhat measurements you would make to determine the eifect 
if any) produced by the polarization in the resistance. 

51. If the resistances in the preceding question were so 
rranged that no current was passing in the bridge J5Z), and 
r on turning the commutator no current still was passing, 
rhat inference would you draw? 

52. ABC is a triangle formed by straight and uniform 
inductors, and OA, OB, OC are similar conductors joining 
> to the angular points; find the condition that OA may be 
>DJ agate to BC. 

53. Show that in the preceding question if be a point 
ich that OA and BG are always conjugate, the locus of 

a circle. 

54. Show also there is one and only one point such 
lat OA is conjugate to BC, 00 to AB and OB to AC. 



53. In a wire joining the poles of a galvauic cell ( 
small resistance the wire is more heatej if it be of coppet 
than if it be of platinum of the same dimensions, but i 
the internal resistance bo large, the platinum wire will I 
more heated than the copper. Explain this, and reconcile i 
with the statement that the heat evolved is equal to tl| 
energy which runs down in the discharge. 

56. Show in the previous question that the heat give 
out in the two wires would be equal, if the internal resir^ 
ance of the cell be a geometric mean between the resistant 
of the copper and platinum wires. 

67. If a chain made of alternate links of platinum xai 
silver have a strong current sent through it the platinum b* 
comes red hot while the silver remains cold and black. E 
plain this. 

58. If part of a loop of wire which is rendered red \ 
by the passage of a current be held in a spirit flame, Un 

Eart outside the flame becomes black, but if the same psi] 
e dipped in water the part outside immediately glows wi'' 
a redder light. Explain this. 

59. A copper wire carrying a voltaic circuit is dipped 
copper sulphate or dilute acid, describe the effect produc 
on the current and on the Hquid. 

60. In a zinc-copper cell the zinc and copper plates a 
united by a copper wire immersed in the Hquid, what will b 
the effect on the current in the circuit ? 

61. A series of plates of platinum foil separated ft 
paper damped with acidulated water are connected for a ft 
minutes with a battery. After removal the terminals X 
united with a galvanometer, which immediately indicates 
current. Explain this, and show the direction of the curren 
in relation to the battery current. Will this current be 
manent? How far may the arrangement here descril 
compared to a Leyden battery! 




CHAPTER VIII. 



MAGNETISM. 

202. We have here a new class of phenomena to o 
sider. They are exhibited most strongly in the varietiea 1 
iron, though prohably in some degree in almost all hoc 
We shall place beforo the reader a brief sketch of the phe- 
nomena with which we assume he is already familiar, and 
develop as far as possible step by step the theory deduced 
from them. 

203. Experiment 1; A piece of magnetic iron or a bar 
of steel magnetized is found to exercise a peculiar force on 
pieces of iron. This force vanishes near the middle of the 
bar, and increases in magnitude very rapidly towards the 
ends. The force is often spoken of as resident in the ends 
erf the magnet, which are therefore called its poles. 

As in electricity the force is often attributed to an ima- 
ginary distribution of magnetic fluid over the poles. This 
must of coiu-se be treated as only an image representing to ' 
our minds the existing force. 

204. Experiment 2. K the two poles of any magnet A 
be brought ia succession into the neighbourhood of a pole 
of a second magnet B, one will suffer an attractive and the 
o&er a repulsive force. If another magnet G be taken, and 
thepolesof .4and C, which are both attracted or both repelled 

Y one pole of B, be made to a«t on each other, there will be 
repulsive force between them. If again two poles be taken, 

one of which is attracted and the other repelled by either 

pole of B, there will be an attractive force. 

205. We infer from these experiments that every magnet 
has two dissimilar poles, and that like poles repel each other, 

poles attraet each other. 
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The nomenclature of theae poles is derived from tk 
behaviour of the magnet when suspended about its centre o' 
gravity. Each magnet, if free from otlier magnetic influence- , 
then points in this country nearly due N. and S. The e&<i 
that points northwards ia called the north pole, and tli*'' 
which pointa southwards the south pole. 

"We shall however speak of the magnetlam distrihute*^ \ 
over the north pole of a magnet as positive, aod that ov0* 
the south pole as negative magnetism. 

206. Experiment 3. The forces exerted by the two poI»^ 
of a magnet on any third pole are always equal in magnitud^^ 
though opposite in direction, This will be conveniently ex-*^" 
pressed by saying that if the strength of one pole be +m,i^ 
that of the other is — m. 

The strength of a pole can be expressed by the force it 
exerts on another pole, and the unit in terms of which it IS 
measured can be defined thus: 

Def, a unit Magnetic Pole is a pole which exerts a 
unit of force (or a dyne) at unit distance on another equai 
pole. 

As in statical electricity, we here define Magnetic density. 

Def. Magnetic Density at any paint on the surface of 
a.magnetised mass is the quantity of magnetism per sq. cm. of 
surface separated at that point. 

207. Experiment 4. The force between two magnetic 
poles is found to vary ai the product of their strengths when 
at the same distance, and inversely as the square of their 
distance when the distances are varied. 

Thus if we have two poles whose intensities arc m and m' 
at a distance r from each other, the force betweeu them ia 

-T-, this force being repulsive when the numerator is 

positive, and attractive when the numerator is negative. 
Comparing this with the statement of the law of gravitation 
in Art. 30, we infer that we may apply to magnetism all 
the propositions of Chap, ii. relating to matter. We can 
assume therefore the following propositions. 

X If there be a number of magnetic poles whose 



leiwitiea aro m^, m^. tn-^ at distances r,, r^, rj...... respec- 
tively from a given point, the potential at this point is repr e* 
86nted by ^* 

-J+ ' + -'+ or S- , 



iffiich represents the work done on or by a unit pole c 
from this point to an infinite distance. 

Assuming the unit pole always positive, the work will J 
oone OK the pole when S — is negative, and bi/ the pole w 

- is positive {see Art. 62). 

H, The force at any point in any direction will eqt^ 
he rate of change of potential in that direction (see Art. Wtj 

Hi. There will exist for a magnetic distribution a a; 

Burfaces over which S — ia constant, which may be c 

CtVUipotential surfaces; and there will he a system of curvd 
cuttmg them at right angles called lines of force, such tbfl 
the direction of the resultant force at that point will ba | 
tangent to the line of force through the point (se 

88—41). 

rV. By moans of the lines of force the magnetic f 
may be mapped out into tubes of force through each i 
which XFa- is constant, supposing no magnetism to ( 
vithin the tube. If such should exist, 'S,F(r changes 1 

I, where m ia the amount of magnetism cut througS 
on passing from one side to the other of such magnetism (ae 
Arts. 47, 48). 

A common way of expressing the first part of this ptfl 
jaitioQ is by assuming any equipotential surface so mappd 
BUt that the number of lines of force arising from a unit j 
ftrea anywhere on the surface is always numerically equal ti 
" e average force over that area. The proposition shows that 
.th this hypothesis the number of lines of force cutting 
liirough any small plane area whatever is equal to the force 
reaolved perpendicular to this area ninltipUeJ by the area. 



This is maDifest nvhen the area farms part of an equipotv 
tial surface. If the small area <t be inclined to the suifa-^*'^ 
at an angle 0, its projection on the surface will be acc® v 
and the number of lines of force through it will be F<rcos 
"which is at the rate of J" cos 8 per unit of ai'ea. But " 
is the force resolved perpendicular to a. Hence the prop 
ation in its roost general form. 

208. Experiment 5. K a straight bar magnet AB, eu( 
as was referred to in preceding experiments, be broken 
Fig. 66. 
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half as at C, we do not get two bars, one AC charged entireljC^ 
with north magnetic fluid, and BG entirely with south mag--^^ 
netic fluid; but at G two new poles are developed on opposite-* 
aidea of the plane of division, so that we get two magnets'-* 
with poles of the same intensity as the original magnet. . 

If AG be broken at B, we find again two new pole^^ 
developed at the place of fracture, and this operation ma^O 
be repeated indefinitely, each fragment broken off still bein^^^- 
magnetized similarly to the given magnet. 

This leads us to the conception of a magnet as made uj*^ 
of molecules, each of which is a magnet, the resultant magnet*" * 
being due to the combined action of all the elemental'/*'^ 
magnets of which it is composed. 

This also shows ua that in any magnetized mass tha^^ 
amount of positive and negative magnetic fluid is always tho**^' 
same, nothing in magnetism corresponding to conduction^ 
ever having been observed whereby the magnetism can flow 
from molecule to molecule. 

209. lE^eperiment 6. A magnetic pole induces in a piece 
of soft iron near it a separation of the magnetic fiuids; on 
the parts nearest to it inducing a distribution of magnet- 
ism of opposite sign, and on the parts more remote a dis- 
' "* " " Lagnetism of like sign with itselC ^^^B 
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210. First Let tbe Tnagr»etizaV- r-^y L-^c.tT^i* r i^r. .--/:• 
f iron, ix'hose length ii aioic i in-- v :-t>. V- ;_ r-r^^r 
, as a small portion of a Tiiir: _■: :.t>_ T:,- ^";jj"';- /: ;' 
le magnetic fluids arrros ar^ -^rir..- ".riir,^^ y.":-^ - > ♦...- 
ime, and will be jointjv ir-n-.Tt..-^. * *•.- r.u> 
nd to the area of tht sr-niox Tl- -r-^:.-':-- 
lasrnetism on the end.- oc ijij-t T:iin:-=f:r t., '.i.-^t-zij:- o-f7>r;j' 

p) On the nh'u-r ■-■: -.:.- .- .z. 

(ii) O2L the ii-tei:-:— '- tL- rv^.-*: 

(i) That depending -T- t^e z^ir.-^-- /' \:.- .- /: ?:;v-. :/« 
ailed the coef&cient 0: mLt^iirr.-'- :i.'j-^t..'.i.. fcr.r, -• - r .." '^r:::i* 
t thus. 

Def. The CoErncTEyr :j 31x:-;r7-~.' 7r:; — : =.- /y* v 
iven iron is the amount c.^ >yi:.r-/eeri-<rT/. **r7/o:'"xt>". v' ', y/'t*//- 
/" fA^ iron tt'Ao^tf secti'.'h U s* '. r .- si-^r: j^.w^:'. v. A-r '.<'/*>pt '// 
brce in- afield of unit iwAnJsr.^ 

This coefficient ve cLL 7: aiil ;t vj.'. v. :r-?uv r j. «/f^ 
ron, least in steeL 

(ii) As far as the f'jr:* i« ^Jii*i^r^..^.\ r s ':,:<.• -.^r^r »* 
be section of the Hslzi^'L'. 'jh s /" r-.i -/•'.- *./-'. A *«#*. 
oefficient of magnetic iiidun;- 'i. -jr.e feT:,'iv- '/f ^:r.r."',tr^^^^. 
eparated at the fnrj t:i;'j.= 0: t:-.e j.:.-.;. , f.;,.-riir- r J. v- 

After removal Irom the f.e". : '.-^ i r-^ *•>. ? .:. -.i - ' ;«i'T,i,. 
ally retains some ystCvjZx of tie i.'.?»:.'r>-.r,.-;. .•,-. /..' - • 
Chis is explained by arsniLiig & ^r^;;, v>^.f v - ■ ■ lvf*> ;,, 
.he iron which depend? on tie i-s.t7r*; vf *.v ./wr, i/*- f,j/ 
greatest in steel and least in ^vft :r^i^ V.';^s;i^ ^-.i v^^ f • -* 
brce is great the aL'.OTiLt of L'-i:-:.-,r,-". /fr^ r.i /, rr.; / v^ 
argely increased by J/: t::i.^ the W ,:, %. ;*a% vt - vf '■,'/?, 
ts molecules being thui; eii.oie': :;,'.;e ^i>,./ V/ v,/*. /r, j^ 
aew magnetic condition Tir-uer t:.e i:,f? ,e;,'>i ';f v.^ f- .v 

211. Secondly. Let t:-e ir.ii.-, v; / ir,v f^rr;. ;. .,// -. ;..'. / 
where in a magnetic field. Here rr,e ar;. ',-.'* -'^ ..:.,•-• ' 
separation in each element becyrr.e-, -.i,rv ov," %, ';.•,"/ '/ #, 
find it we must conceive the elerr.er.t re:r,v>v<.',, ^r.-. '',t„i,*th 
the resultant force at any point Trirhirj th*. v,/.*/ i-/ i,r//, 
duced. This resultant will coiishx of two j^art* : 



(i) That due to external bodies or the ordinaiy mag* I 
nctic furce, I 

(ii) That due to the magnotism distributetl through I 
the whole mass of the body. I 

212. We may here point out the analogy between a OIM 
netic mass subject to magnetic force, and a dielectric (Hil||^| 
to electrical force. In both we have molecules in nhich^H 
electric or magnetic fluids are separated, only to completi^H 
aa&logy we must suppose the magnetic insulating mal^H 
absolutely impervious; in both we have liuen and tubf^^J 
force, the quantity of fluid separated across any etiuJpott^^B 

surface iu the tube being in the dielectric + -r— Fa, and iaJ^H 

magnetic mass ± kFc, where k depends on the nature ca^^| 
magnetic medium. ^W 

This analogy helps us to show that we may compute llie 
whole efloct of the second compouent in the last article by 
that of a distribution of raagnetiam over the surface of tW 
mass. For we may replace the magnetic by an el«trie*l 
dislribution of the same numerical intensity at each pointy 
and Art, 72 shows that this may be replaced by a superfiddi 
dtatrihution. 

213, Two cases of magnetization are worth special notice. 

Prop. L A. To investigate tlie magnetization of a atraigbt 
cylindrical bar placed in a uniform magnetic field with Itl 

length parallel to the lines of force. 

In this case the whole bar is a tube of force, and tlW' 

intensity of magnetic separation is the same everywhere along, 

it. We may conceive it made up of rows of molecules iS 

which the magnetic separation is represented thus. 

Fig. 67. 




The potential at an external point is represented by 

^[uA OB^ OB ~0'C'^ OG OD'^ OfI' 

fbere m is the anjount of fluid separated in each molecid 
tience the potential of this row of molecules is 

"'(Ki-a?)-"'(r:-^.)™''f°'°- 

The same will be true for all the rows of molecules, aid 
,*B have for the potential of the bar on any external point 4 

If the bar be long and very thin, r^, r^ will be sensibi 
ttiostant over the respective ends, and we have 

i'-jf(i-l), 

■where JWis the strength of the pole. 

This iS usually called a solenoidal distribution of m::^- 
Detjam, and is approached practically in the bar magnet. In 
'"l bar magnets there is a certain small force at a distance 
fi'Oni the poles which is traceable to the falling off in strength 
*i the magnetic separation in the molecules as we go towards 
Wle eajs. 

Cor. If a solenoidal magnet be bent round so that it 
™nn8 any closed curve, the potential on any external point 
yftnishes ; fur then we have i\ = r^, and the expression above 
« ^ero. 

214. Prop. n. A. To find tlie potential of a thin magnetic 
<heU in which the magnetiaation is everTwhere normal to its 
ratface. This is called a lamellar distribution. 

Such a shell may be conceived as made up of an infinite 
lumber of thin short magnets, placed side by side. Let the 
figiiTft represent such an element, AB being the normal, 
ff the area of eaoh pole, A being the north and B the south 
pole of the small magnet. 
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Join OA and OB, and draw 
-4^ perpendicular to OB. Also 
describe a cone whose vertex is 
and base A, and conceive two 
sections of this cone, one P by 
a sphere of radius unity, and the other Q* by a sphere of 
radius OA. 

We will suppose the intensity of the pole at to be tw, / 
and the density of the magnetic fluid on A and B tohe ±p, T 
the strength of each pole will then be + pa. j 

The potential of the shell on the magnetic pole at wiJl " 
then be 

/I 1 \ • OB'-OA BN 

^^^lQ3^a^J=^^^ OA.OB ^'^P^'OA^ 

_ mpar , AB cos e 

" OA} ' 

where e is the angle ABO. 

215. We may put this expression in a form which gives 
conveniently 

(i) The potential of the shell-element on 0, 

(ii) The potential of the magnet pole at on tbe^ 
shell-element. '\ 

(i) To find the potential of the shell on 0. The magnet 
pole may here be assumed unity, and the potential on 
becomes 

pAB . (Tcose 

OA^ • 

Now since the area a is perpendicular to AB^ and the 
area Q to OA, the angle between or and Q must be e, and Q 
may be regarded as the orthogonal projection of a. 

Hence ^ = (7 cose. 

.-. the potential becomes 

p . AB X area Q 
OA^ • 

* To prevent confusion Q is made a section near the edge of the sheU, 
but in the reasoning the plane of Q is supposed to pass through A. 
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Again by similar figures, 

area Q : areaP :: OQ^ : OP^ 

:: OA^ : 1, 
inee P is on a sphere of radius unity. 

Hence the potential on A=pAB x area P. 

The area P is the projection by a cone of the edge of the 
elementary shell on a sphere of unit radius, and this may be 
defined as the spherical measure of the solid angle subtended 
at by the shell-element. We will denote this solid angle by 
w. If the product p . AB is constant over the whole shell, 
of which AB is an element, the shell is said to be a simple 
magnetic shell, and this product is defined to be its strength. 
We shall denote it by the symbol j. The potential of the 
whole shell may then be written ^jco, or if the magnetic shell 
l>e simple, this reduces to j'tco, and the solid angles sub- 
tended by the elements can be simply added, and will give 
on summation the solid angle subtended by the whole shell. 

Hence the potential of a simple magnetic shell of strength 
i on an external point will be ± jil, where J is the strength 
of the shell, O the solid angle subtended by its edge, the 
positive sign being given when faces the positive surface 
of the shell. 

216. (ii) To find the potential of a magnetic pole at 
on the element AB of a magnetic shell. 

The expression, Art. 214, can now be written 

pAB . Yfji cos € . (T, 

The factor jr-j^ is the force at A due to a pole m placed 

t O, and -TT^ cose is this same force resolved along AB, the 
ormal to the shell. 

Hence jj-j^ cos e is the number of lines of force per unit 
tea passing through the shell-element : and Yrn cos € . o* 



is the absolute numlier of lines of force due to m which pass 
through the shell-element. 

Now any distribution of magnetism may be represented aa 
a distribution of magnetic poles, and the above proposition be 
applied. The potential of any magnetic distribution becomes 



and each term in the summation denotes the number of lines 
of force per umt area due to that element of the distribution, 
and therefore 

will he the number of lines of force due to the whole distti- 
butioo, which pass through the element of the shell. If wa 
call this number n, the potential of any magnetic distributioii 
on AB may be represented by p . AB . n. 

217. If the shell he a simple shell, p . AB=J a constant, 
and the potential of any magnetic distribution on the magnetic 
shell is equal to jSn =jN, where N is the whole number of 
lines of force due to the given system intercepted by the shell. 

To deterniine the sign of this potential we must make a 
convention concerning the lines of force. 

Def. Positive and Negative Lines of Force. Jl* 

positive direction' of a line of force is the direction in which a 
iiorth or positive pole placed on it would tmid to move. 

218. "We can now complete the statement. The potcn- 
tial of any magnetic system on a magnetic shell is measured 
by ±JjV, where j is the atrengt.h of the shell, A" the number rtf 
lines of force duo to the given system enclosed by its edge, 
the positive sign being attached when the lines of force pafiS' 
through the shell from the plus to the minus magnetic side. 

219. The foregoing proposition might be treated as a 
particular case of this, since the solid angle there defined ir 
clearly the number of lines of force from a unit pole which 
would be intercepted by the shell. 

The following six Articles, 220 — 225, which may be treated 
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as corollaries to the two propositions proved above, are of 
great importance. 

220. Cor. 1. In estimating the potential of any mag- 
netic shell on a point, we must remember that if some of the 
elementary cones cut the shell twice, the potentials of these 
elements will be equal and of opposite sign, and may therefore 
be neglected in the general -summation. It is evident, on 
inspecting the figure, that in this case we have only to take 
account of the free edge, which will here be an internal edge. 

Fig. 69. 





221. Cor. 2, The potential of a closed shell on any 
internal point equals 4 4!7rJ, and on any external point 
vanishes. 

The sum of all the solid angles subtended by elements of 
the shell at any internal point will clearly be the whole 
sphere, and this solid angle is measured by 47r, hence the 
potential is + ^irj. For any external point we notice that all 
the elementary cones cut the shell twice, and the whole 
potential therefore vanishes. 

222. Cor. 3. In the case of a shell in the form of 
a plane lamina the potential anywhere on the positive 
side is 2713, and on the negative side — 27r;, for the solid 
aDgle subtended by a plane at any point on the plane is 
clearljr a hemisphere. We see also . that the work done in 
bringing a unit pole from the negative round to the positive 
side of the shell is ^irj, and is independent of the ^ath. 
taken. 



223. Cor, 4. The potential of tlio plane lam3 
any point in tlic plane of the ehell outside the shell ^9 
The solid angle subtended by the shell clearly in tHH 
vanishes. S 

22i. Cob, 5. Since the potential measures tlwH 
done on a unit pole, we see generally that if a nu^fl 
pole of strength m be moved in the field of a givei« 
from a position in which the solid angle subtended h 
to a position in which it bocomea il^ tho work don^ 
"be measured by ■ 

wj(n,-n.). I 

If n, be less than il, the work done is negative, <H 
pole acquires kinetic energy during the movement. ■ 

More generally if a magnetic shell be moved aboH 
the magnetic field from a position in which the ntd 
of lines of force enclosed is W, to another in whieM 
number of lines becomes N^, the work done in the ifl 
ment is 1 

tere also the work done is negative if A*"^ <iV,, or thefl 
acting .on the shell lidps the motion. J| 

22-5, CoE. 6. It appears from the last result £| 
magnetic shell free to move about in a magnefj{M 
will place itself in a position where its potential is ^u 
as possible, or in the position which includes the Sn| 
number of negative lines of force. ' M 

220. Experiment 7. A small closed voltaic ifl 
placed in the magnetic field is acted on by forces pn 
tional to the forces which would be experienced hyifl 
magnetic shell whose edge coincides with the cu-cu)^ 
strengtli of the current bearing a certain proportion M 
strength of the shell, the direction of the current n 
fiuch that an observer loolting down on the nortka 
of the shell sees the current following a direction oplM 
to the hands of a watch. ^ 

227. This experimental law can be extended '9 
voltaic circuit of any size and alia,pe whatever. Forfl 
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ceive the voltaic circuit filled up by a surface, and this 
surface divided into a number of closed curves by lines 
cutting each other at right angles, whose distances are 
small compared with the curvature of the surface. Conceive 
currents of the same intensity to circulate round each of 
these closed curves, as shown in the figure, all in the same 
Jirection. 

Fig. 70. 




Each closed curve may be regarded as a plane circuit, 
and for it by the above experiment may be substituted 
1 small magnetic shell whose strength is in a certain ratio 
to the current-strength, and similarly for all the other 
elementary circuits; and the magnetic shell-elements sub- 
stituted for each will all have the same strength. 

But these shell-elements will make up a simple magnetic 
>liell whose edge coincides with the original closed circuit. 

Again, in the figure it is evident that along each side 
^f the elementary closed circuit will be two currents of 
-qual strength in opposite directions, which will therefore 
neutralize each other; the only parts not neutralized in 
'his way being the elements which compose the original 
•voltaic circuit. 

228. Hence we see that as far as actions in the mag- 
netic field are concerned we may substitute for any voltaic 
circuit a magnetic shell whose edge coincides with the 
circuit carrying the current, and whose strength bears a 
certain ratio to the current strength. 



229. "Wo may define the positive direction 
current in tlie circuit in the following way : 

Def. Direction of Curhent. The positive di 
of the current is related to the positive direction of the hd 
of force in the same way as tJie direction of rotation to Smi 
of propulsion in a right-handed screw. 

This direction can be conveniently remembered bytlW' 
twist in the muscles of the wrist in driving in a corkscrew. 
The opposite direction will be referred to as a left-handed 
screWj and the set of directions indicated above will 1* 
referred to as right- and left-handed cyclical order. 

230.- The experiment and deductions given above form 
the basis of the science of Electro- Magnetism. 

It is usual here bo to change our Electrostatic units ti^ 
the circuit carrying a unit current, and a unit magnetio 
shell, shall be identical in their electromagnetic actiM* 
Our former unit? of electromotive force, resistance, iSi 
will all have to be altered; but wo shall assume at present! 
that they are altered in such proportion that Ohm's fonoul* 
remains unchanged, as also the formula for energy espeudcd 
in the circuit. 

The relations of the various units in the electrostftU* 
and electromagnetic syatema to each other we shall inditatt 
in the next chapter. 

231. We have now sbown that the forces acting on * 
magnetic shell and on a voltaic circuit coinciding with 
its edge are identical, and since these forces are, in the case 
of the shell, derived from a magnetic potential, we shs^ 
assume that an identical electromagnetic potential ea ' '" 
from which the forces acting on the voltaic circuit 
derived. 

Before doing so, we must notice that the positive dir*- 
tion of a line of force passes from the positive to the negatirt 
side of a magnetic shell placed in the field (Art. 218), whil* 
the current in the equivalent circuit is left-handed orn^i- 
tive (Art. 226 and 229). We must remember therefore itt 
applying propositions proved for magnetic shells to voltaic 
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that work done will be represented by potential with 



inged. 



To keep this clearly before the student, we place 
3 conventions made and the properties proved for 
etic shell, while in a parallel column we place the 
ions made and properties deduced for a voltaic 



Magnetism. 

Dep. The positive 

of a line of Tnagnetic 

the direction in which 

pole placed on it tends 

Art. 217. 

Dep. The potential 
gnetic shell is positive 
es of force pass from 
to negative magnetism. 



Electeo-Magnetism, 
Def-. The same* 



Prop. I A. The poten- 
\ magnetic shell in a 
) field is measured by 
act of its strength into 
3er of lines of magnetic 
iinted algebraically it 
Art. 217. 

E^op. n A The nume- 

ue of the potential of 

tic shell on a point is 

the strength of the 



Dep. The potential of a 
voltaic circuit is positive wlien 
the lines of force and direction 
of current are related in right- 
handed cyclical order. Art. 229. 

Experiment, The magnetic 
shell and voltaic circuit are 
equivalent when the lines of 
force and direction of current 
are in left-handed cyclical order. 

Deduction. The algebraical 
signs of the potential of a shell 
and its equivalent voltaic cir- 
cuit will be opposite. 

Prop. I The potential of a 
voltaic circuit in a magnetic 
field is measured by the product 
of the current-strength into the 
number of lines of magnetic 
force counted algebraically en- 
closed by the circuit. 

Prop. IL The numerical 
value of the potential of a vol- 
taic circuit on a point is equal 
to the product of the c\ixt^iQ&- 



243. In assigning numerical values to the surfiioes, 1 
Tve must remember that the potential represents tte woit I 
done in carrying a unit pole from the surface to an infinite I 
distance, and this will depend on whether the path piuaisd I 
passes through the circuit or round its edge, aud if it passffl I 
through the circiiit, on how many times it i)assea throngli I 

' the circuit always iu the same direction. Hence we caaliol I 
assign a fixed value to a given equipoteutial siirface, but I 
a aeries of values differing by im. The work done (i|lJ 
unit pole in bringing it from a surface whose potential j| 
to auother whose potential is F, ia 

± inTri + F, - r,. 
where n is the number of times the path pursued | 
through the circuit in the same direction ; if that dir 
be with the lines of force we prefix the — sign, and if e^ 
them the + sigu. 

The path of the pole which in the last paragraph J 
throtigh the circuit » times without returning, may b 
conveniently to be linked n times with the circuit. 

244. The lines of force cut all equipotential sni 
at right angles, and will therefore be a system of oval O 
with the conducting wire passing through them. Infl 
formity with the convention just made we may sayB 
the lines of force arc linked with the circuit, and thi^ 
cuit with auy one of its lines of force may be conceiw 
two successive links in a common chain. 



245. We have already stated that the current ia f 
to the lines of force in right-handed cyclical ord« 
we now conceive the line of force as a closed curved 
the circuit as a direction cutting through it, the i 
direction of the line of force will be related to that ( 
current in right-handed cyclical order. Hence the ptg 
is mutual. 

This rule is clearly equivalent to that uf 
that a figure swimming in the current which entS 
its heels aud leaves by its head, and looking towai" 
magnet, sees the north pole driven to its left. 

t fixed, and the current free to i 
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ear that the current will be driven round a north 
so that the figure in the current looking towards the 
is always moved towards its right hand. A convenient 
for remembering this direction, often useful in practice, 
lat a figure swimming in the current^ looking along the 
of force, will, with the condiLCtor, be carried towards its 

46. The two following propositions clearly follow from 
oregoing. 

op. Vm. In computing the potential of any closed circuit 
lay substitute for it any closed circuit which is obtained 
oj acting the given circuit by means of lines of force. 

'or since lines of force never intersect except at a 
letic pole we cannot by this means alter the number 
les of force enclosed. 

3oR. 1. In any movement of a conductor the change 
Dtential produced by the movement of any part of the 
(1 circuit parallel to lines of force, or parallel to planes 
lining the lines of force in that part of the field, is nil. 

/OR. 2. For any sinuous conductor a straight one may 
ibstituted. 

t is clear that a straight line can always be drawn 
igli any sinuous line such that the number of lines 
rce omitted may be just counterbalanced by the number 
tra lines of force included on substituting the straight 
le sinuous current. 

7. Prop. IX. If two circuits more or less parallel to each 
carry currents in the same direction they attract each 
, and if the currents be in opposite directions they repel 
other. 

ict .4 be a portion of a conductor carrying a current, 
et the plane of the rest of the circuit be more or less 
indicular to the paper. Then . it is clear (Art. 245) 
the lines of force are a system of oval curves, rising 
the paper to the left of A, and sinking into it to the 
of ^. If £ be a parallel conductor carrying a current 
e same direction, the lines of force enclosed by B, and 
bich the potential of B depends, willb^ ^V\ \!siQi%^ ^\x\s^ 
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fall to the right of B, and remembering the rule we see that 
-ffs current is positive to these lines of force. 

Fig. 71. 



Lines of Force 
upwards. 



Lines of 
down 



Force 
wards. 



A B 

The electromagnetic action in the field will therefore 
(Art. 241) tend to place J? so as to enclose more lines of force, 
that is, will draw B towards A. If the current in 5 be 
opposite to that in A, JS's current will be negative to the 
lines of force, and the electromagnetic force will be therefore 
repulsive. 

Cor. 1. If there be two straight wires parallel to ea/jh 
other carrying currents they will, if the currents be y^ 
the same direction, attract, and if in opposite directions, 
repel each other. 

Cor. 2. If the two wires in the last corollary be inclined 
to each other and the currents both run into or out of the 
comer made by the wires, they will attract each other, but 
if one run into, and the other out of the corner, they will 
repel each other. 

Let XOX' and BAB' be the two conductors, OA being 

Fig. 72. 




perpendicular to both. Let OF be at right angles to OX 
in a plane parallel to BAB\ 
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lines of force due to XOX' will clearly be (neglect- 
ends) a system of circles in planes perpendicular 

TQ be an element of BAB', and let it be projected 

) bent line PMR Q in which PM is parallel to OX, 

OY, and BQ to OA. The parts Qli, BM will be 

to the plane containing the lines of force. Hence 

the conductor parallel to itself, we have only to 

r the change in potential due to the movement of 

-f the currents in XOX' and BAB both run into or 

he corner, PM and OX will be parallel currents in the 

irection, and will attract each other. If one run into 

3 other out of the corner, the currents in PM and 

il be opposite, and they will therefore repel each 

Prop. X. If we have in a magnetic field two voltaic 
A and B the number of A's lines of force which B 
will be equal to the number of B's lines of force which A 
, when the current-strength in each is unity. 

N^ be the number of lines of force due to A 

1 by jB, and N^ the number due to B enclosed by A, 

i\ and i^ be the current-strengths in A, B respec- 

work done in carrying B out of A's field of force 

n be N/^, 

work done in carrvinor A so as to hold the same 
in space relative to B will be — N^i^. 

ce we see that an amount of work N'^i^ — N^i^ would 
3nded in carrying a magnetic system against no 
I magnetic forces from one place to another, and this 
inish. Hence 

or N^i^-N^i^, 

since potential and consequently force at any point 
ield of a voltaic circuit is, by Prop. 2, proportional to 
strength, we may make N^ = M^\, and N^=iM^\; 

then that 

or J/j = M^. 



But Mj and M will be the number of liaea t 
enclosed respectively by A and B when there is c 
rent in each. Hence the proposition. 

2+9. Def. Coefficient of Mutual Induction. 
quantiti/ M in the preceding proposition rvkich gives the 
ber of tinea of force due to one of two circuits (each 
unit current) enclosed by the other is defined to be the c 
of mutual induction between thent. 

If M be the coefficient of mutual induction bet" 
circuits carrying currents i^ and i^ the potential of 
to the other's magnetic field ■will be MiJ^. If the tw 
be free to move in the field they will clearly place 
Reives in such a position that M shall be as large s£ posaiUa; 
this will bi3 when the two circuits are as nearly as pogsiUfl' 
in the same plane and carry parallel currents, 

250. Prop. XI. To find an expression for the whole 
in a circuit canyins a current. 

That a voltaic current is a source of energy wi 
already seen, and when tlio circuit ia separated frora all 
other circuits its energy must clearly be kinetic, Whethei 
this energy be that of moving electricity or of the movement 
of the conductor carrying the electricity, or of both combinfii, 
we cannot here enquire. In either case the analogy of tM 
vis viva or kinetic energy of moving material bodies woolll' 
lead us to conclude that it depends on the square of diS 
current-strength. We see also that the potential energy o£ 
two circuits carrying currents depends on the geometry d 
the circuits and on the product of tlieir currcnt-strengtli^ 
and since all forms of energy must be of the same ordei', M^ 
may infer that the energy of a given circuit will be repi»--i! 
sented by a certain coefiiciont depending on the geometry 
of the circuit multiplied by the square of the eurrenlpll 
strength. | 

In a given case let us call the coefficient L, and theJ 
current-strength i^ the energy of the circuit will thea 
be L . i'. 

Place another conductor in all respects similar to thw 
former, so as to coincide with it, and let it carry the — 
current in the same direction. 



Ji 
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The energy of this system will clearly be represented 
J L (2i)* = 4ii*, since the geometry is unaltered and the 
irrent doubled. 

If the conductors be separated so as to be carried out 
f each others field, their whole energy is reduced to the 
am of their separate energies, or 2it^ 

Hence the work done in separating them is the diflFer- 
ince, or 2ii*. 

But by the previous PropositioUj the work done in sepa- 
rating them is equal to the number of lines of force due to 
:>ne enclosed by the other. When the circuits coincide each 
3ne encloses all the lines of force due to the other. 

Let the quantity denoted by Jf, when the circuits 
coincide, be represented by M^^. This symbol then represents 
the whole number of lines of force embraced by the circuit 
caiTying unit current. Hence the work done in separation 
is US' ; 

Def. Coefficient of Self-induction. L is defined 
^ he the coefficient of self-induction of a circuity and is equal 
^ half the number of lines of force embraced by the circuit, 
^hen removed from all other circuits and canning unit current 

CoR. If there be two circuits carrying currents, and if 
A N be their coefficients of self-induction, and M the coef- 
ficient of mutual induotion, the whole energy of the field 
^vhen the current-strengths are «,, i, is given by the ex- 
pression 

Li,'±Mi,i, + Ni,\ 

r 

the positive or negative signs being given to the middle 
term as the lines of force from one circuit pass in the 
positive or negative direction through the other. 

251. Having obtained the foregoing expression for the 
energy of a voltaic circuit carrying a current, we get the 
iJea of inertia to be overcome in establishing the current 
it first, or making any alteration in it when oiicie ^^\»S;i\i^\>j^4.» 
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On aoT)inn€f «i ^^ectromorive fiasrce to a. «3rcTiiE. tbtt jt 
^nersiy 'if t:he hattery ia tued up m ov^hcquu]]^ die dbs&q 
or in hearin<T the cxrcnit. while the nprniajnrtCTr ^g^s -^ 
creaiie itii kinetic ener^. 

25^ It i» perfaaofl si little heyoiid the sone oi 
elementary work like the ^lesent to give the eqnaci^jo 
the e^itabliAhment of the caiTen% but aa it IbOoivs- fpjm 
preceriin«^ Article it will make the subject muse comjii^ 
we wpply it. 

TTiring the notation we are now femTYiai- with. 

The energy derived frrnn the botteiy in. time r= 
fluppomng r a very short intervaL 

The energy given oat in heat during the same time =. 

The increaae in kinetic oiagy =Z (»*— i^, if T b€ 
f^rrent^rengthi at the »id, and « at the begiimnig, oi 
interval r. 

Hence by preceding Article, 

/. Er = Rir+tL{%--i) i 

It j» easy to .show* from this equation that for the coi 
nhet a time t we have 

• TI1J8 may bd proved in the following elementary way: 
Tut (1) in the form 

Lcty^-^i^y, and ^^-i'=/; 

... i'-ia-(y'-2,); 



• I T ^ ~ -i- 



n y 

• -^-^' (logy' -logy), 



'X'*'^-) 
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The ratio xy is generally so large that the rise in strength 

' the current takes place with such rapidity that we cannot 
)serve it. In marine telegraphy, where the coefficient of 
tlf-induction is large and complicated by the Leyden-jar 

^ion of the insulating sheath, the term e^^^' leads practi- 
X\y to a lengthening out of the signal, so that a sharp signal 
ansmitted to the wire by closing the circuit for an instant 
lows in a galvanometer at the other end a gradual rising 
id falling again of the current. 

253. We may compare the establishment of a steady 
irrent in a conductor to the establishment of steady motion 
L a steam-engine. When the locomotive is moving along 
eadily the whole work done by the steam on the piston 

used up in friction on the rails and in the machine. 
Then the engine is quickening its pace the work done by 
18 steam is greater than that used up in friction, and the 
ifference goes to increase the kinetic energy of the system, 
cid vice versa when the engine is pulling up. 

So with electricity in motion. When steady Ohm's law 
^presses the fact that the energy given out by the battery is 
mverted into heat in the circuit. When however the current 

increasing the energy given out by the battery is more 
lan that used up in the circuit, and the remainder goes 
» increase its kinetic energy, and vice versa when the 
irrent is ceasing. In practice the current becomes steady 
► rapidly that we only observe the indirect effect of the 
icreasing energy in the extra spark. 

254. We have seen that every voltaic circuit possesses an 
ectromagnetic field, and in this field exerts attractions and 

dch is a form snitable for direct Bnmmation. Bemembering that 
= — when i=0, we have after time t, 

or -^=e ^ ; 

R 
■ E ,^ -*.*, 



repulsions upon raagmstic poles or other voltaic circuits, ft 
in obedience to these attractions and repulsions movementa 
take place, the law of conservation of energy shows us that 
the work done by the circiiit must bo done in some way 
at the expense of the energy in the circuit. This 
we have just seen to be kinetic, depending on the geomeOJ 
of the circuit and the current-strength. 

Tlie only way therefore in which energy can bo abstracted, 
from or added to the circuit is by a diminution or increase d. 
current-strength. The diminution of current-strength will 
last just long enough to compensate for the work dooq 
and the steady current will be established again. TheH 
variations of current -strength in the circuit while WSk 
is being douo in the electromagnetic field are knovrQ 
induced cun-ents. Since the induced current is always 
oompenaatiou for the energy expended or gained in the 
field it is clear that acting alone it would oppose the mow 
ment, or its direction will always be such that by its electros, 
magnetic effect it would oppose the movement taking place 
iu the field. This is known as Lenz's Law, 

From Lenz's law combined wiih the law stated 
Art, 245, we have the rule for the direction of an indu( 
current in a moving conductor, that a figure in the condtu 
looking along the lines of force and mooed towards his l^ 
■wiih the condvdor will experience an induced current wliiciK 
enters by his head and leaves by his keels. 

255. Prop. Xn. To calculate the induced current produced 
liy the movement of any conductor in a magnetic field. 

DuriDg a very short time t of the movement, the energy' 
given out by the battery is £iT, using the ordinary notation. 

The amount expended in heat in the circuit is .fitV." 
If the number of lines of force cut through at the beginning 
"f the movement be N, and at the end N', the 
acquired by the movement is {N' — N) i. 
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Let i^ denote the steady current, the^ E=^E\ . Hence 

But »— 1*0 is the induced current-strength and {i — i^r 
the quantity of electricity transmitted during the time r. 
dding for all the short intervals of the movement, 

But 2 (i — io) T is the quantity of electricity transmitted 
aring the whole movement and may be denoted by \i\. 
"his is often called the total induced current. 

2(JV' — ^ will be simply N^-^N^ when N is the 
lumber of lines of force enclosed at the end, ana N^ the 
lumber at the beginning of the movement ; 



[»]=-^ 



N.'N. 







R 

__ Number of lines of force added 
Resistance of circuit 

Cor. 1. If the increase of lines of force takes place at 
i uniform rate we shall have a uniform current whose in- 

«nsity will be measured by ^ , where t is the time that 

V 

he whole movement lasts. 

C!oiL 2. If a straight conductor forming part of a closed 
circuit is carried across lines of magnetic force, the electro- 
motive force of the induced current is — H. I . v, where H is 
the number of lines of force per unit area or the strength of 
the field perpendicular to the plane of the conductor's 
motion, I the length of the conductor, and v the velocity 
with which it moves parallel to itsel£ 




Let AB he the conductor^ and let the teat ol >^kfe evtQ>i>^ 
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be completed by thick bars A,C,B whose resLstancei may be 
neglected. 

If the conductor move from AB to A'S, and the lines- 
of force be perpendicular to the paper, the number of lines 
of force added by the movement 

= Hx8ireB.ABA'ff = HxAA\xl ' 

If [{] denote the total current, 

M 5 . 

If the time occupied by the movement is t, the current 

._[%] HxAA'xl 

the direction of this current being as in figure, if the linei 
of force are upwards. 

But if the conductor move uniformly from AB to A'Bi' 
in time t, -— - = v, the velocity of the motion ; 

Hvl 






and 



B ' 
Bi = II; .'. E^-Evl. 



Cor. 3. From the preceding Cor., we see that the-cui 
will be strongest when the conductor is moved parallel tif] 
itself and perpendicular to the lines of force, the diredimi: 
of the induced current being perpendicular to these tw^, 
directions. 

Cor. 4. We see also that there will be an induced corre&ti 
during the opening or closing of the circuit. 

1st. At closing the circuit Since L, the coefficient (rf; 
induction, is half the number of lines of force enclosed bjT- 
a circuit carrying unit current, the whole number added wil 
be 2Li^, where i^ is the steady current ; 



• ^ 
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'2ncl. At opening the circuiL The number of lines mb- 
'acted will be 2Zio, hence 

E 2EL 

Since ^^"^R^ ^^^"lir ' 

nd for the average electromotive force in either case 

«rhere t is the time the current lasts. 

This result is interesting, since we see that by reason of 
.he extreme smallness of t, JE' may be many multiples of E. 
Thus the induced current having very high electromotive 
brce is able to break across a finite air-space, giving rise 
» the galvanic spark or extra current, while no cell can 
)reak directly across an appreciable air-space. Sir W. 
rhomson says, that 5510 Daniell's cells would be required 
» give a spark between two brass terminals about ^ in. 
tpart. 

256. Extending the analogy pointed out in Art. 253 we 
nay compare induced currents with the phenomena attend- 
ng the establishment of steady motion in a locomotive and 
^rain. As we all know at the first start the engine has to 
)Yercome the inertia of the train behind it, and as a conse- 
jaence receives a number of impulsive jerks backwards just 
uialogous to the induced negative current at closing the 
nrcuit. When the engine slackens pace it has to overcome 
;he energy of the moving mass behind, and accordingly 
receives jerks forwards analogous to the induced positive 
nirrent at opening the circuit. 

257. We endeavoured in our third chapter to trace all 
slectrical phenomena to a medium surrounding electrified 
bodies in a state of stress rather than to direct action at 
ft distance* The phenomena of induced currents and indeed 
of attraction and repulsion between currents seem inexpli- 
cable on the theory of action at a distance, and in conse- 
quence Prof. Maxwell has shown by mathematical a\iai^^\& 
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tbat all the phenomena of the magnetic field may be de- 
duced bj assuming a state of stress related to the lines (lf> 
magnetic force, confiisting of a tension along the liiiea of 
force in virtue of which they tend to shorten themselTeii 
of pressure perpendicular to the lines of force causing thenii 
if free to move, to repel each other, and of a rotational fores 
about the direction of magnetization in all mj^netiatf 
bodies. It is in order to familiarize the student as far aj 
possible ivith these ideas that we have in this chapta 
preferred the electromagnetic to the better known electro- 
dynamic method of Amp6re, which does not lend itself fl 
easily to the idea of action from molecule to molecule c i 
to the fundamental principles of energy, though as VvX, 
Maxwell has shown it is not necessarily at variance witU 
either of them. 



Examples on Chapter VIII. 

1. Two magnetic compasses are placed on a table neik 
each other ; explain how they influence each other's direfr 
tions in all different positions, 

2. A common bar magnet is placed on a table i 
a compass needle lies on the table subject to the magnen 
force; show by a diagram the positions of the needle l' 
different positions relatively to the magnet, 

3. A dipping-needle is free to move in a plane at i 

given inclination to the magnetic meridian ; show how f 
Snd the apparent dip. 

4. Show that if the apparent dip observed in any t 
planes at right angles to each other be S,, S,, then Sjj 
true dip can be found from the formula 

cot' S = cot' S, + cot* S^ . 

5. If the dipping-needle move in a plane perpendt 
to the meridian, show tViat it will remain vertical. 
show how to determine the plane of tlie meridian 1 
aervations with the dipping-needle only. 
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6. Show that in the case of a single bar magnet the 
lines of force are a system of oval curves which pass through 
both poles, and the equipotential surfaces are a system of 
unclosed surfaces which cut the axis between the poles. 

7. If r, r' be the distances of a point from the north and 

south pole of a magnet respectively, show that for any point on 

1 1 
a given equipotential surface ^ is of constant value. 

8. If in the preceding question y^, ylr be the angles 
^ .which r, r' make with the tangent plane to an equipotential 

-^ cos yp* r* 

snrcEU^. 7-f == ~7i • 

cosy r 

9. K <f>, ff> be the angles which r, r in the preceding 

question make with a line of force, -; — 77 = -n . 
^ sin <f> r 

10. If ^, ^ be the angles which r, r' make with the 
magnetic axis produced in one direction, show that along any 
line of force, cos 6 — cos 6' is constant. 

11. Let two equal rods Nn, Ss turn on pivots about 
points N, S which are the poles of a given magnet. Then if 
they be moved so that ns is always perpendicular to N8, or 
NS produced, the intersection of Nn, Ss will trace out a 
magnetic curve. (See Roget's Electricity,) 

12. Prove the following construction for obtaining any 
number of points on a system of magnetic curves : — Divide 
the magnetic axis into any integral number of parts, and 
set oflf along the axis produced any large number of equal 
parts. With centres JV, S describe two equal circles having 
for any radii as large multiples of this subdivision as prac- 
ticable, and divide their circumferences by perpendiculars 
drawn to the axis at each subdivision: draw lines joining 
N and 8 to the points of division of these circumferences ; 
the lines of force will then be curvilinear diagonals of the 
lozenge-shaped spaces into which the figure is divided. 
(Roget's Electricity) 

13. Show that the equipotential surfaces will be closed 
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and the lines of force constantly divergent from eit: 
when the magnetic system consists of two similar ar 
poles at a distance from each other. 

14. Show that the lines of force for two simil 
will be the other set of curvilinear diagonals of the '. 
shaped spaces indicated in ques. 12. 

15. Find the form of the surface of zero pote 
any bar magnet, and show that the resultant magna 

for points on it is given by -j , where m is the str< 

each pole, I the length, and r the distance of the po: 
one pole. 

16. A closed voltaic circuit is supported at it 
of gravity but otherwise free. Explain the position j 
by it under the action of the earth's magnetism. 

17. A straight conductor (capable of sliding fi 
fixed bars and forming with them a closed voltaic 
carries a current. Explain the direction of its movei 

(i) When capable of moving parallel to itsel 
horizontal plane and carrying a current from N 
South. 

(ii) When capable of moving parallel to itsel 
horizontal plane and carrying a current from 
West. 

(iii) When capable of moving parallel to i 
the vertical plane and carrying a current from Is 
South. 

(iv) When capable of moving parallel to itsell 
vertical plane and carrying a current from East to \V 

18. A straight conductor carrying a current is 
of rotation round a magnetic pole. Show in all c£ 
relation between the sign of the pole, the directiori 
current, and the direction of rotation. 

19. Discuss the previous question in the case w 
conductor is at rest and the magnetic pole free to mo 
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20. Show that a straight horizontal conductor placed 
East to West and carrying a current will, if exactly balanced, 
appear to lose or gain weight when the direction of the 
current is reversed. At what part of the earth will this 
effect be strongest ? 

21. A straight conductor carrying a current is fixed 
at one end, and the other rests by help of a cork- float in 
contact with mercury. Show that the conductor will rotate, 
but that except at the magnetic poles the rate of rotation 
in diflferent parts of its course will not be the same. 

22. A long wire carrying a current has a short straight 
wire also carrying a current perpendicular to it but not cross- 
ing it. Investigate the direction of movement (if any) in the 
short conductor for diflferent directions of the currents. 

23. Investigate the direction of rotation in Barlow's 
wheel for given directions of the lines of magnetic force and 
of the current. 

24. A bar of soft iron has a coil of wire round it. Show 
hy a diagram the direction of the current induced in the coil, 
(i) when a N. magnetic pole approaches one end of the bar, 
(ii) when the same pole is removed. 

25. A bar magnet is drawn through a hollow coil of 
wire forming a closed cu'cuit and back again. Show the 
direction, and roughly the variations in strength, of the in- 
duced current during the movement. 

26. A straight wire forming part of a closed conductor 
is placed horizontally and slides parallel to itself, (i) from E. 
to W., (ii) from N. to S. Show in each case the direction of 
the current induced in it. 

27. The same wire is arranged so that it can move in a 
vertical plane. Find the direction of the induced current, 
(i) when it rises vertically in a plane perpendicular to the 
meridian, (ii) when in the plane of the meridian, 

28. Barlow's wheel (see ques. 23) has the battery re- 
moved but the battery circuit closed and the wheel made 
to rotate by mechanical means. Find the direction of tho 
induced current. 



CHAPTER IX. 



ABSOLUTE DIMENSIONS OF PHYSICAL UNITS. 

258. We stated in our first paragraph that all physical 
units are referable to the fundamental ideas of space, time, 
and mass, the units of which are arbitrary. These units once 
fixed, each definition we employ of a new unit contains im- 
plicitly its reference back to the absolute system. It is our 
object in this chapter to trace the measures of the units 
we have employed, and represent them in terms of arbitrarily 
assumed fundamental units. 

259. We must remember that if we make any change 
in our units the change produced in the measure varies 
inversely as the change in the unit. Thus changing the 
unit of length from, a foot to a yard, the measures of all 
distances will be divided by three, and the same principle 
applies in all cases. 

260. There are two classes of units we have concerned 
ourselves with, mechanical units and electrical- units, many 
of the latter having been referred to under two systems of 
measurement, the electrostatic and electromagnetic. We shall 
therefore divide our investigation into these three divisions, 
referring each time to the definition and the algebraical ex- 
pression of it always implied 

We call the units of length, timCy and mass respectively 
X, T, M. 

261# (I) Mechanical Units. 

Velocity is defined (Art. 2) as space described per unit of 
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time, and may therefore be measured by ^ — • Hence re- 
taining our former symbols as far as possible, 

v=~=LT-' (1). 

The meaning of this expression is, that given any change 
in the fundamental units (space and time), the change in the 
derived unit (velocity) is at once found by substituting in 
this formula the ratio between the new and old absolute 
units. 

Acceleration is defined (Art. 5) as velocity added per 
second, and may be measured by -p , 

f=^ = LT-\... (2). 

Momentum is defined (Art. 20) as the'product of mass and 
Telocity, and is therefore measured by 

Mv^MLT"' (3). 

Force is defined (Art. 20) as rate of change of momentum 

J J . , , momentum 

•per second, and is measured by — -; . 

^ "^ time 

F^^—^^MLT-^ (4). 

Energy may be defined either as work (Art. 27), that is 
(force) X (space), or as vis viva (Art. 24?), that is J (mass) x 
(velocity)*. Denoting it by the general symbol W, we have 
in either case 

F=ifZ"T-« (5). 

This will give the dimensions of every form of energy. 

262. (2) Electrostatic and Magnetic Units. 

Quantity, The measure of quantity depends ultimately on 
the law that the force between two equal quantities (Q) at a 

distance (Z) from each other is measured by j^ (Arts, 55 

and 68). 
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Hence, as far as dimensions are concerned, 

^^^F^MLT^ (6); 

therefore Q^M^L^T-\ 

Magnetic pole, or Quantity of Magnetism. The same 
formula (Art. 207) expresses the force between two magnetic 
poles. Hence also 

m = Jlf*Z*r-^ (7). 

Electrical and Magnetic Density are defined (Arts. 59 and 
206) as quantity of electricity or magnetism respectively 

per unit area, and are measured by -^ and y, respectively. 

Hence, in both cases, 

D = Jf*i-¥-* (8). 

Potential is defined (Arts. 62 and 207) as work done on a 

unit of electricity or magnetism, and is therefore measured 

W W 
by -^ or — respectively. In both cases, 



n=jtf*z*r-» (9), 



since Electromotive Force is a form of Potential. 

Electrical or Magnetic Force is defined (Art. 65) as force 
on a plus unit, and may be measured by -rr, which gives 

^ = M^L'^T'' (10), 

since in Magnetism the corresponding quantity is denoted by 
the symbol H^ and is defined (Art. 207) as the number of lines 
of force per unit area. 

Number of Lines of Force. Force denotes (Art. 207) the 
number of lines of force per unit area. Hence number of 
lines of force is measured by HU^ or 

N^M^L^T-' ......(11). 



> 



I 
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Capacity is defined (Art. 69) as quantity per unit potential, 
and may be measured by y. Therefore 

C=L (12). 

Specific Inductive Capacity is defined (Art 76) by the 
ratio of two quantities of electricity, and is an abstract 
number. Hence in dimensions 

K=Q (13). 

Current- Strength is defined (Art, 151) as quantity per 
second, and is measured by ^; therefore 

I^M^L^T-' (14). 

Resistance is defined (Art. 161) by Ohm*s law by the 
equation E=BL Hence 

R^j^j^^L'^T (15). 

Conductivity is (Art 156) the reciprocal of resistance, 
and is therefore measured by 

LT-' ..(16). 

Specific Conductivity is defined (Art. 150) by the formula 
I^cFa. 

_ current-strength _ M^L^T~^ _ «,«! ,^ ^. 

~ (force) X (area) ^ M^L^T'^" 

Specific) Resistance is defined as the reciprocal of specific 
conductivity, and is measured by 

P=T (18). 

263. (3) Electromagnetic Units. 

We shall denote electromagnetic measure by the same 
symbols as those employed in electrostatic, placing a bar 
over the symbol to indicate that it refers to this measure- 
ment 

Current- Strength. This is defined as being identical with 
the strength of a magnetic shell (Art, 239), which again ia 
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defined (Arts. 217 and 218) as the product of magnetic 
density into length. Hence 

I = DL^M^L^T-' (19). 

Quantity is defined by the formula / =-y,. Therefore 

Q=T.T^M^L^ !.;... .(20). 

Potential is defined (Arts. 207 and 231) as the work done 

W 
on unit quantity, and is therefore measured by -=• . Therefore 

S ^M^L^T-" (21). 

Resistance is defined (Art. 230) by Ohm's law. Therefore 

:B=£=i2-' (22). 

Capacity is defined as before by -^ . Therefore 

"-mfr^-''^ (^^'- 

Electrical Force is force on unit quantity, and is there- 
fore measured by -= , which gives 

M^L^T-^ (24). 

Number of^ Lines of Force may (Art. 239) be defined by 
the formula Nx 1 = work : hence 

Coefficient of Mviual or Self-Induction is defined (Arts. 
249, 250) by the formula L? = energy of circuit ; hence 

- W 

L^j^^L (26). 
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Specific Conductivity is defined as before by the relation 






(27). 



Specific Resistance is defined as the reciprocal of the last, 
id therefore 



p = UT-"- 



(28). 



Specifio Inductive Capacity may be defined by Art, 178, 

47r 



agreement with the formula MG=^j—pK, whence 



T 



.(29), 



264, We will now present in a tabular view the results 
the preceding articles, adding the ratio between the 
mensions of the various units where they have been mea- 
xed in both the electrostatic and the electromagnetic 
stems, this ratio being the number of electrostatic in one 
ectromagnetic unit. 



Mechanical. 

Unit. 


SymboL 


Dimensions. 


Velocity 


W 


LT-^ 


Acceleration.... 
Force 




Energy 


ML^T-^ 



c. s. 



\^ 



226 



ABSOLUTE DIMENSIONS OF PHYSICAL UNITS. 



265. (2) Electrostatic and electromagnetic units. 



Units. 



Symbol 



m 
V 
H 
N 
L 



Dimensions in 

Electrostatio 

Measoie. 



Dimensions !n 

Electromagnetic 

Measure. 






L 


T 






L 



B&tioof 
EleetrostatietO 
Electromagnetie '] 

MessQxe. 



z-if 






Quantity Q 

Potential V 

Electromotive Force E 

Electric Force F 

Capacity O 

Specific inductive capacity K 
Specific conductivity ....... c 

Specific Besistance p 

Biesistance of a Conductor it 

Current strength / 

Magnet pole j 

Quantity of Magnetism ... j 

Magnetic potential 

Magnetic Force j 

Strength of Field j 

Number of Lines of Force 
Coefficient of Mutual or 
Belf -induction 

266. In the above table we see that the ratio of tie 
measures of each magnitude in the two systems depends 
on LT~^, a quantity of the dimensions of a velocity. This 
velocity has been determined by experiment, and must be an 
absolute quantity independent of any particular system d 
measurement. We will denote it by v, which may be as- 
sumed equal to 300 million metres per second. From the 
preceding table we clearly have for the ratios between 
measures in the two systems 

Q I VF ^ 

and 5=^ = ^=e = |=t;\ 
G K C p E 

267. If the suffix denote that the symbols stand for' 
units instead of measures, we shall have for the ratio between 
the units themselves by Art. 259 



V~F 



and 
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268. Practical units are not the absolute units given 
ibove, immediately derived from the C. G. S. system of 
Measurement. It is found that by choosing these units, all 
)ur resistances and electromotive forces will be represented by 
^ery large numbers, and all our quantities and capacities by 
mall fractions. The units of length, time, and mass actually 
aken are these : 

For length, the quadrantal arc of the earth or 10° cm. 

For time, the second remains the unit. 

For mass, the 10""" gm. is chosen. 

Refening to the table of dimensions given above we see 
hat electromotive force {M^L^T~^ becomes multiplied by 
LQ-V. iqV ^ iQs^ The volt is therefore defined as 10' abso- 
ute electromagnetic units. 

Resistance, whose dimensions are LT~^ (the same as those 
)f a velocity), becomes multiplied by 10°. The ohm is 
lefined as the resistance which is represented by the ve- 
ocity of 10* cm. per second. 

Quantity, whose dimensions are IrM^, is multiplied by 
10~\ The farad is defined as representing 10"^ units of 
quantity. 

Capacity, whose dimensions are L'^T^ is multiplied by 
lO"*. TiiQ farad, which is also the term applied to the unit 
)f capacity, will therefore represent 10"*^ absolute c. G. s. 
inits of the electromagnetic system. 

Thus we see that to convert into absolute electromag- 
letic units of the c. G. S. system, 

the volt ; ohm ; farad (quantity) ; farad (capacity) ; 

re multiply by respectively 

lo^ lo^ lo-^ lo-*. 



Examples on Chapter IX. 

1. Make the following conversions by means of the 
>nniil3B given in this chapter. 

(1) Find the number of ergs in a foot-pound. 



(2) Convert the acceleration of gravity (32'2) into tlifl 
C. G. s. system. Ans. 981 nearlj. 

(3) The units of time, space, and mass, being changed 
from a second, foot, and pound to a minute, yard, and cable 
foot of mercury (density 13); find the ratio of the new 
units of velocity, force and work, to the old units respective^ 



2. Show that in electromagnetic measure the di- 

P , . ^i_ ■ i maoTiet pole 
mensions of current strength are given by — ^ 1— 



It^ngth 

Hence show that the electromagnetic attraction between 
two conductors carrying currents will be of the sarae 
mension as the product of the current strengths. 

3. By comparing the attraction between two "currents 
with that between two quantities of electricity condensed in. 
points, show that the ratio between the electromagnetic and 
electrostatic units of quantity is represented by a velocity, 

4. Show also that a current in electromagnetic measuie 
is of the Bame dimensions as magnetic potential. 

5. A sphere is raised to a given potential and discbai^eS. 
through a wire, the sphere contracting during the discharj ' 
BO that its potential remains constant ; show that the rate 
contraction of the sphere will be equal to the reciprocal Of 
the resistance of the wire in electrostatic measure. 

6. Show that the heat given out in any circuit ia 
pressed by the same formula whether the units be electiO> 
static or electromagnetic. 

7. A coil whose resistance is 2 ohms is immersed in a. 
kilogramme of water and a current of 3 farads passes throufh.' 
it for a minute. Find the elevation in temperature of the 
water (assuming the mechanical equivalent of heat to be 
41560000 ergs per gm.-degree). Ans. i° C. nearly. 

8. Find the radius of a sphere whose electrostatic capa- 
""'vis one farad, -:1ns. 3x10* cm. 
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9. The electrostatic capacity per nautical mile of any 
gutta-percha cable is found to be j^ farads, and the 

resistance of its insulating sheath -^rn— • 10* ohms. Calcu- 
late the time of falling to half charge. (Given loge 2 
= •6931471.) Ans. 2 hrs. 46 min. nearly. 

10. The resistance of gutta-percha is to that of Hooper's 
material as 1 to 16, and the specific inductive capacity as 
4*2 to 3*1. Find from the last result the time of falling to 
half charge in a condenser of Hooper s material 

Ans, 32 hrs. 48 min. 

11. Two plates whose areas are each one sq. cm. being 
placed at a distance of 2 mm. apart and connected with the 
terminals of a battery, are found to ex^rt on each other 
a force equal to 'Olgm. Find in electrostatic and electromag- 
netic measure the electromotive force of the batteiy . 

Ans. 31 and 93 x 10^ nearly. 

12. Show that the electromotive force in the preceding 
question is nearly equal to that of 930 Daniell's cells. 

13. A metre is defined to be a ten-millionth part of the 

qnadrantal arc of the earth ; show that the electrostatic 

2 
capacity of the earth is about ^ of a farad. 

14. Express in absolute electromagnetic units the ca- 
pacity of the earth. 

J 2 



Jl 



CHAPTER X. 



PROBLEMS IN MAGNETISM. 



269. The following five propositiolis on the propertiei. 
of bodies free to move about a fixed axis, which might h«n 
been placed in Chap. I., will be found of service in thi 
chapter, when treating of the motion of suspended magnets, J 

270. The idea we have here to introduce is that J\ 
angular motion, which can be understood by fixing on a liWi 
in the body perpendicular to its axis and showing the angb'' 
traced out during the motion, the rate at which this angle 
is traced out being the angular velocity. 

Def. The angular velocity of a rotating body is the angli^ 
traced out per second by a line fixed in the body perpendicifJ^ 
to the aads of rotation. 

The angular velocity like ordinary velocity is a property 
of the body at a particular instant, and if variable must be 
measured by the angle which would be traced out per second, 
supposing the angular velocity to remain constant. 

271. Prop. I. If a body be rotating with angnlar velocttf • 
the velocity of a particle in the body distant r from the axif < 
rotation is ra>. 

For each particle traces out a circle and if d be tb 
angle traced out in a small time r, the angular velocity iril j 

be -; or d = (OT. The length of the arc traced out by ttoj 

r0 

particle is r0, and the velocity of the particle — or rw. 



»u;«'>' .■; 



I2F X^lSBESSL SL 



272. Pkiip.IL b ita£ tfc flBBV ^ ft 9Hfr atfasfeoc mt& 
igolar TOlocit;r A^ 

The energy of tfie garriiTtifr ^▼huae: TJHocny -v^^ gmmni^ L 
1 the last artide: os ^ '"*^ 'mesL ft is js nia^ izui inu^ in^ 
[)ual to 4 mii^&^, t&ffl<Tfr Aa rffinr^ if Tat Tfuae iii»rr ji 

Smi^ depcBiia (Hily ,iil :ie fffrrffhy mil iflnne if "iif^ i#;#i7: 
iid may be conduced w&exL 'zhe aim if 'ine: if]*ij ii( kzuiwn. 
t is defined to be xiiA manumt if *jnervuu uul ma.^ 'i^t ttmiii^^i 
y the symbol Jf. The enersj if "liie mi:i4CJi4r i#i#Lj -¥* ian. 
iien write ^ Jfi/. 

27a Pkop. HL gt ifat ttg jBgiiag ■Priacay jiigafciad ta a 
Ddyliyaiiwiiii acfiBgftraggBn.CTBfc 

Let F be tfie fcrce ami f ^aie ithl if ^sie ^'inafe. T!ij* 
^ork done by the fcrce i ^y^Hging: -sie 3ii#rr ^sur^naa st inustil 
ngletfisjFxW. 

If »j and •, be Ae ansrtlar T^^ifxiiiGfisi an me be2iii:Lin«r 
nd end irf* the mo^^nenn ^iie -mer^j 'mgarv^fi ia 

apposing G^ the Mcmeiu; 'if -iie 'WJiGUt :atad r zcjk vjxyh 
occupied by the mori^meiu;. 

If the couple lemaui ^^ofltaztn icx ^accj i^aiz^ ume t ^A m 
36 the whole angolar Tdr>cn»y lixiwrr^ 



274. Ptop. nr. T9 iHllte dmtttim of fviif ofa Mbr 
icted on liy a f wrtnil flwee oi a gtf» fegetom »^ a iwadalaai 
Pnder gravity; . 

Let ABhe the plnmTilfne fn the poiritwvn />f ^\n\\\\mum, 
*nd -4(7 the limit of ixa 3:wiiig, tlr^en C^li/ wi th^ H\f,rt^h^!ufu 
'Squired. 

If ^ be an ]ntermedia£epr>atio9^ the w/>rk n^ii SriUmimt 
^BABaodFl^G. 
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Hence if o>g be the angular velocity at B and a> at B", 

Fig. 74. 




If CAB'S' a, then when ^ = a, © = ; 

.-. J Mw*^G (1 - cos a) = 2G'8in' | ; 

•• '»o=2 8in2^-^, 

which gives the relation required, 

275. Prop. V. To find the time of oscillation about the posi- 
tion of rest of the body in the preceding article, the distnrbiiig 
force being supposed small 

Let, as before, AB be the position of equilibrium, AG 
and A & the extreme elongations. 

For the angular velocity at any intermediate position 

AP, we shall have by the preceding Article 

« 

\ Mt^ = Q (cos B — cos a), 
where 6 = TAB and a = GAB. 

If the disturbing force be very small the elongation will 
alsobesmall,andwemayputcosd = l — "S- andcosa=l— -5- ; 
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Set oflf the double elongation CBG' on a straight line so 
that GG' = 2a, and 5P= ^BAP and ^^ = ^:BA Q. On CO' 

Fig. 75. 




Qp B 




QP 2J 






a> 



describe a semicircle and raise perpendiculars, PN, QM, and 
draw MR parallel to BG. Join ^Ji; £iV: Then 

= (3! (5i^ - BF') = (? . PN*; 

••• <o^.^^.PK 
Hence time of describing the arc PQ 

PQ /MPQ 

But by similar triangles PQ : MN :: PN: BN, 

" PN BN ^^^^^' 

/. time of describing PQ^ a/ ^ . MBN. 
Adding all the successive intervals we shall have the time 
of describing BG==-^ a/ jy • 

Hence if The the time of a complete oscillation from rest 



to rest 



^-'V'f^ 



/. Gr = M-ir\ 
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Cor. 1. We see from the result that the time of oscil- 
lation is independent of the arc of vibration, supposing this 
arc small. The vibrations Are in consequence said to be 
isochronous. 

Cor. 2. If the pendulum consist of a mass m suspended 
from a weightless string of length I, under gravity M^mX^ 

and G=mlg) hence 



L 






^-Vl- 



276. We now append some important applications of 
the preceding theory. 

Prop. VL To find the force acting on a magnet placed in a 
uniform magnetic field. 

At a great distance from a magnetic system we may for 
a limited space consider the rate of change of potential or 
the magnetic force to be uniform. The lines of force will 
then be a system of parallel lines uniformly distributed 
through the space. This will apply for instance in the 
case of the earth throughout an ordinary room in which 
we perform our experiments. The direction of the lines of 
force are then shown by the dipping-needle and the 
thickness of their distribution by the absolute value of the 
magnetism at the place under consideration. 

Let now the lines of force be parallel to the length of 
the paper, and let their direction be from the bottom to the 
top of the page. 

Fig. 76. 



Em 




Hm, 
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Let AB be a magnet whose north pole is at A and 
Bouth pole at B, and let the strength of each pole be m. 
Xiet I be the length of the magnet^ and d its inclination to 
tibe lines of force. 

Let H be the intensity of the field, that is the force with 
^hieb a unit pole would be urged along the lines of force. 
Then the pole A will be subject to a force fim along the 
lines of force, and B will be subject to an equal and opposite 
force — Hm along the lines of force. 

These two forces constitute a couple (Art. 22), and the 
moment of the couple is Hm . DE. 

But DE ^ I sin 0. 

Hence the force on the magnet will be a couple whose 
moment is 

Hml sin 0, 

CoR. If the magnet be placed perpendicular to the 
lines of force the moment of the forces acting on it becomes 
IfmL 

277. Def. The product of the intensity of each pole of 
a magnet with the distance between the poles is called the 
* magnetic moment' of the magnet. 

The moment of the forces acting on a magnet placed per- 
pendicular to the lines of force in a field whose intensity is H 
iwdll be HG, where is the magnetic moment of the magnet 
and H the strength of the field. 

278. Prop. Vn. To calculate the swing of a magnet placed in 
a magnetic field and making oscillations about its position of 
rest. 

The calculation of the preceding articles applies, and if 
G be the magnetic moment, M the moment of inertia, © the 
angular velocity in the position of rest, a the greatest elon- 
gation, and H the strength of the field, then (Art. 274) 

Jfo)' = 2HG (1 - cos a). 



= 2sm2y- 



GH 

or ft) = 12 sm Z7 A / -TT- . 



279. Piop. VIII. To calculate the time of oscillation of 

a magnet making Bmall vibrations about its position of rest. 

The calcnlai-ion of Art. 275 applies if we substitute for G, 



Cor. 1. Since G and M depend oaly on the magnet 
used, we may Ly observing the time of vibration cal- 
culate H. 

Thus if the magnet make n oscillations per minute, 



R = 



• w 



Hence wo see that if the magnet remain unaltered i 
strength of the field or the intensity of magnetic force '| 
place varies as the square of the number of vibrations a 
m any given time. 

Cor. 2, In the above formula G depends on ; 
strength of the magnetic pole and M only on the geom4 
of the mi^net. The intensity of the magnetic pole oW 
to induction is constantly varying and cansot be takai| 
constant for a day. This formula, however, gives us the j 
duct HG in absolute measure. 



280. By using one of the poles of the magnet to d^ 
another magnet we can find by observation the ratio ^,, 

Let ni be a pole of the magnet of the last article, aQ<t J 
another magnet disturbed by it from i/J/the plane 0?il 
meridian. 

Let the intensity of the poles of £ C be each m', its let 
^c, the distance of its middle point from A, d, anttij 
ilistances AB, AC of the poles r^ and r,. The f 
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acting on B will be 5m' along the meridian and 



mm' 



along 



BAi the forces on C being —Hm' along the meridian and' 

— 5r along A G. 
r 

The force — ^ can be resolved into (Art. 17) 

, — along AO, and — ^ . — along BO. 



V 7 



T T 



Fig. 77. 




The force 



mm 



can be resolved into 



, — along AOy 



mm 






and — 5- • -^ along (70. 



Taking moments abont 0, if 8 be the deflection from the 
meridian, we have 

^ fcmm , cmm\ ^ . ^zr ' 
c cos ( — 8- H —- = 2c sm oUm ; 

\ ^1 ^a / 



g_ c cot 8 /^ 1 , 1\ 
•*• m" 2 W^i'/ 



Now r j' = c' + (i* — 2cc? sin 8 



-*(i-^-S). 



and 



■.■=^^^r4)- 
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Tlierefore r 



r=^(i+^^+ ). 



and r..-» = <r'(l-^^+ ), 



]| 



c 

neglecting powers of ^ above the first; 



r- r' c?' 



-ff _ c cot S jS" __ c cot S 

which gives in absolute measure the ratio -^ • 

Knowing (Art. 279) the product HO the values of H and 
G are known in absolute measure. This method is due to 
Gauss, and is that now universally employed for determining 
the intensity of Terrestrial Magnetism in absolute units. 

The quantity H actually measured is the horizontal com- 
ponent of the earth's magnetism, since a horizontally sus- 
pended magnet is more suitable than a dipping-needle for 
observing oscillations. 

281. Prop. IX. To investigate the properties of the electro- 
magnetic field near a straight wire of infinite length carrying a 
current. 

We may regard the infinite wire as part of a circuit, the 
rest of the circuit lying in a plane which we will assume 
perpendicular to the plane of the paper, as also the con- 
ductor under consideration which forms one edge of the circuit. 

Let be a section of the conductor, OA' the plane of 
the circuit, and P the given point. 

Fig. 78. 
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The circuit being of infinite extei^it above and below the 
paper and to the left of 0, will now subtend a solid angle* 
at P which has for its boundary a plane passing through the 
conductor (whose projection is PO) and a plane passing 
through the opposite part of the circuit. This part is parallel 
to the given conductor and at an infinite distance, and the plane 
passing through it will be parallel to the plane of the circuit 
and wUl have for its projection PX, which is parallel to 0A\ 

The solid angle bounded by the two planes PO, PX will 
be a lune of the unit sphere and its area will clearly be 

A 

circular measure of OPX « , 

X area oi sphere 



2-7^ 



= ^x47r = 2^, 



where 5= lPOA. 

Hence the potential at P is 26i. 

This expression shows that for all points on the plane • 
OP the potential is the same. Hence the equipotential sur- 
faces are a system of planes intersecting in the conductor, 
and the lines of force are consequently a system of circles in 
planes parallel to the paper having for their centre. 

We must also remember that each of these surfaces has 
not a definite potential 26% but its general potential will be 

(4n7r + 20) i. 

282. To find the strength of the field or the magnetic 
force at P we must find the rate of change of potential along 
a line of force. If PQ be an arc of a circle whose centre is 0, 
it will be an arc of the line of force through P. If H be 
strengtli of field, 

rr Potential at Q — Potential at P 

^ . PQ 

= ^^^* = |p; since OP . PO%^PQ. 

This gives us the strength o£ ttie ?v^^^ ^H. e^'erj -^Nsi^ 
ronad the conductoT ; the directioii oi^JkeloKaNvscsi^^^^? 



perpendicular to a plane containing tUe conductor and the 
magnet pole. 

Cor. 1. To find the attraction between the infinite 
conductor of this problem and another of finite length placed 
parallel to it and carrying a current. 

Let 0' be the trace on the paper of the second conductor 
of length / which will also be perpendicular to the paper, and 
let it carry a current H. 

If the conductor be moved parallel ^'S- '?9- 

- to itself to 0", the. increase in the lines 
of force enclosed will be Hxl x O'O", 
when -H is the strength of the field. 
2i 



Here S^^^,. 

,-. the energy gained by the movement 
2i!. O'O", 2ln' „, 



-t^ 



—is- 



\ 



Hence the rate of change of potential or attraction j 
llii' 
tween the two conductors = -^^ . 

COH. 2, The induced current in the second condud 
owing to moving it parallel to itself, assuming that 14 1 
primaiy unaltered by the movement, 

mo'Q" 2ii' , /, ao"\ 

= ?Js(losOO"-logOO'), 

H being the resistance in the circuit. 

Hence during any finite movement, as from 0, to (7, 

283. Prop. X. To investigate the magnetic field along % 

axis of a circular voltaic circuit. 

Let be a point on the axis and CAC the plane of tj 
circuit. 
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To find the potential at we have ^^S- ^^• 

only to compute the solid angle sub- 
tended by the circuit at 0. This will 
be the base of a right cone whose semi- 
vertical angle is GO A. 

It is easy to see that the area of the 
unit sphere cut off by this cone is 

Stt (1 - cos 0) where = CO A, 

The potential at is consequently 27ri (1 — cos 6). 

If the point be off the axis the cone becomes oblique, and 
there is no means of estimating its solid angle exactly. 

284. To find the strength of the field at we must 
compute the rate of change of potential in the direction 0\ 
This wUl be 

27ri (cos 6 — cos 0') 



where CffA = ff. 



00' 



Fig. 81. 




To exhibit this geometrically, draw OO parallel to O'G 
and describe a circular arc GC\ Draw GAy G'A' perpen- 
dicular to OA, GE perpendicular to C'A\ and O'D perpen- 
dicular to 0(7. 



Then cos 5 — cos ^ = 



OA OA' OA^OA' A A' 



00 oa 00 

CE GE O'B 00' 



~0G 



OG'^ GO'' 00" OG' 
lemembering that CC is approximately •p»i^<^ Vci 0' D. 
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But by similar triangles - 
TT 2Trt' (cob g — COS 0') 



AC 
-UC^ 



VC 00" OU 
■when 0, 0' are very near becomes " . ,3 =IT, the s 
of the magnetic field at 0. 

COE. 1. Tlie potential at the centre is Stti, an^ 
strength of field there is -j-tt- 

Colt 2. If the wire be woimd n times round the ^ 
we consider separately the strength of field due to e 
and add them. The result will be that the potentia 
strength of field are each multiplied by n. 

285. Prop. XL To investigate the strength of field dnqf] 
helix canning a voltaic circuit. Such an arrangement is ^ 
called a solenoid*. 

We shall regard the helix aa made up of a nanaQ 
parallel circles to caeh of which the proposition ■ 
preceding article may be applied. 

Let AB be the axis of the helix, PQ an element ^ 
surface, and a point on the axis produced. 




Tlie strength of current in the element PQ ■ 
ni.PQ, supposing n the number of layers of the 1 
unit length. 

• The tenn aolenoid ig only strietly applied to a helix in wliinli the U. 
Trires are cajried back agaia to tho centre and leave tlie lieliz side £ 
These return currents would (Art. 2i6, Cor. 2) neutralize the helix n 
B9 a sinuoiw outrent aliout its own axifl, and we liave left tbe fti ' 
extern ol diolea in purallcl jilaneB aaaasmmjOLlwam. 
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Hence the potential of the annulus PQ on 
= 27miPQ (1 - cos 0), when FOA = 0, 
= 27mi {PQ - PQ cos 0) 
= 2imiPQ'-2TmiQ8\ 
where PS is perpendicular to OQ, 

= iirniPQ - 27rm (OQ - OP). 

The potential of the whole helix is found by summing 
all these elementary potentials and may be written 

iirnitPQ - 27m; 2 {OQ - OP), 

2PQ = the whole length of the helix == -4 J5, 

2(0Q-(?P) = 0i>-0a 

Hence the potential becomes 

27171*^5 - 27rni {OD - DC). 

286. To find the strength of the Electro-magnetic field 
at O we must find the rate of change of potential from 
along OB, The rate of change in the first term {^irni AB) 
we can see vanishes since AB is a fixed length not de- 
pending on a 

The rate of change in the second term 

.OD^-OG^O'D + aC 
==27m^ ^. 

^2imi\^ — oa oa~J' 

But in fig. 80 we see that 

— jr^, — = COS GOA = cos '^ suppose, 

«id similarly ^^^ = cos 2)0^ = cos f' ; 
supposing I)OA = i^'. 
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I 

I 

Hence the strength of the field at or iT 

— 27m* (cos y^' — cos '^)« 

If be inside the helix the angle CO A becomes obtuse, 
and we shall have, if y^, y^' denote the acute angles made 
with the axis, 

H = 271711 (cos -^ + COS yfr)t 

If the diameter of the helix be very small compared to its 
length cos -v/r and cos-^' will for a large fraction of the length 
be both nearly unity, and the strength of the field within the 
helix becomes constant and equal to 47rn/. 

287. This last, result might have been obtained by 
substituting for each circle its equivalent plane circular 
magnetic shell. The positive side of one shell will lie 
against the negative side of the next, and on external 
points their influence is nil. Hence the effect of the helix 
"vvill on the whole be the same as that of the imaginary ' 
distribution of magnetism on its ends. For the force on 
an internal point we must consider in addition the force 
due to the magnetic distribution over the cavity in which 
the point lies (Art. 211). This cavity may be made by the 
removal of an elementary shell. 

Fig. 83. 
JPQ 



+ 



Let be the point, and PQ the elementary shell. The 
potential m passing through changes (Art. 237) from 
27rmPQ at P to - 27Tn?:FQ at Q. Hence the force 

_ 27rhiPQ - (- 27rniPQ) , , 
PQ ^47rm. 

This shows that, neglecting the distribution over the ends, 
the iorce is the same everywhere within the helix and not 
onJjr along its axis. 

Con. I. A wire in tlae iorrci oi ^ \i^vl \i\a??^Te«i^ \s^ 



a voltaic fir^iLix.. max in a.11 casef ik fiLirfJ".":. *.•-.. i r i ».;..* 
magnet, hzii ut tj^t ht- union.- il I'ut *:rvjriii^ uiu.'L' ■..•• i»':jL 
are e-:»ijo^a^-:*- liir'v vlL "ik- ia-jiiiisLl. 

The Ihw :^ dirftciijL if- Heei ui 'Ui^:* if v rfini';:; '*'r \nt^ 
lines of iusriTtr tJLiVjr l iiiLrii**T br iii a'.iWi tjjj.'. lu-, .I'li •'!, 





it bv its i::r-i :*•>- 

we liav-r :-:_It - j-:'ii.vil.:h:^' "-:;u: r'r »;u'-i -^' ".. -.iM.-r : ;Mv:"a!:v 
shell *aa P ^, £j- •'' _■: i ♦^ "^Le '-■-i;'-.-t •■: v.i- r-.^j^-. ■!::..• 
distribniEi-i. ; ' J^.- -i' *': ^ -rr-.::.'!! 'C v.-- >^i-".. v .■....■■• •#/:/' 
is the sTTr 11"'- . ■• "''- - .^ '. . * U' -!i * T • ■. -.i,,. • ' : r.'". *. ":: .• u^-.* 

S»le is -1j '".r-lj* ■¥?.-! -i >j ---jc ir*:* -^.I'VfSi-si ';■• -"\^ ••:%•:;■."* 
ence tL^ :.->i-i.-:-..: r..-r.itrri-. it :!:«* >r.c"^-. Vo ■. "rs-.moM 
lAni, la :^.:.^ rT-rrSr^i-c '.lA -j» 'i*-;ir'.'- :hi* -v. v. ^c' r!io 
areas enoi .-..{i: ,t \. . -.:••: vi'.^. TV.-i; ■•■..ir :•* ■\r:,\\ ,l . 
and we ha7>:-r ^iie :iij.:-:i*^t::c sior/.en:; :t :l;o r*A*\ri*'.v..i^-i^i;o 
helix 

and the Ear.ii's ^onijle i^on iz Is /TLI' ' 

CoR- 3. Tlie r.?snlr. of thi* prr»iN^»iiivj <'*.>r^il.iry may 
be used to Jtiteniiiae a euiTent in abaiiliico el*vrr..iu,iij:iif.u» 
measure. 

For let a \\cMx ^wc\i as that consiilrTOtl Iv*^ >iM.«r.iMiiiiM 
by a bifilar arran;^nient; p«^rpen<lioiilAr t.i> f.lv^ pi.mt* iif flio 
meridian, and let a onrrt^nt he t.ran«n\ir.t;»'^rl thi-'iU-jjIi it l^y 
means of the wires of snsp«^nsion ; then if the t^irihrf i'^ 
deflect it through an angi<* <^, the oi'^iiple npi>n it w»" 

//.ricoa ^, 

whore H]s, the hori2on^al component €i^ 
force. 
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Tbis must be balanced by tlie force of torsion in the ' 
snspendiag wires. If D be the coefficient of torsioa tliis 
is measured by i> sin ^ ; 



IfA'icos ^ = Ds\n<f>; 

. D 
■'■ ' = JTA" 



-J, tan if>. 



Let the current at the same time be passed through a 
tangent gaJvanomcter in which there is a deflection. ^'. 
Then, anticipating Prop. XIII. Cor, 2, 



= j, tan^ 



Multiplyin 



»' = -jjp tan ^ . tan ^' ; 



=^/i 



=i-tan^.tan^'; 



which gives the ciurent- strength in absolute measure. 

Ehminating j, we have 



--^/f^ 



another method of finding in absolute measure the I 
Horizontal Force. 

Cor. 4. If the helix have an iron core its i 
strength is enormously increased. The strength of thea 
netic field within the helix is shown to be 4Tm{=3\ 
pose, and if A be the coefficient of induction for the'3 
core the density of the separated magnetisms will bflffl 
Hence if (7 be the area of the section of the coreuT 
strength of its pole will be HhG. But the number of U| 
of force proceeding from a unit pole is obviously iir. 
the number of additional linos of force dite to tbej^ 
core is ^ttIUcC, and the wboVc; iiukiV«t of lines of f<»oa jj 
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ceeding from tlic pole h 

= 'iirni{A + iTrkO). 

The strength of eacli pole of the compound magnet dia 
I the helix and its core ia 

m(A-i-4.-n-JcC), 

«nd its magnetic moment is 

liii (A + iTrkCj'^. 

28a Prop. XII. To find the coefficient of mutual mducl^ 
for two coaxial solenoids. 

We will call the inner helix A the primary circuit, 
the outer if the secondary. Let A, B represent their ares 
Kod n^, Jig the number of turns of wire per unit length, ij, i 
(he currents they cany. 



The strength o 



' field anywhere within A 



* This icEult woulil bIiow that a Taagnct of great Btrcnf^tli could 
y Himpl? increitsmg the iron core, and withoat incToasing tlie number o( 
dxiiB of wire. In practioe tbia ia not tlie case, aince tbe indDction of one 
Wt of the core upou another so weakens its maguetiem that IF tbe sectioa 
xieed & certain yi^ry moderate limit the power of the pole ia increased only 
a.K ratio far below that of its increase in Eection, and the reeolt is a praoti- 
ll wet^ening of tbe pole. Thia ia partly obviated when the core consists of 
J^MBdle of wires as is nsiial in indnction ooila, but it seema probable we 
I^Jook for greater gain in power hf the conBtmction of tubular electro- 
Id to have bem first made in Germany by BomershauBcn in I860 
:ribed by Dagnin to H. M. Favre and Eimemann). The in- 
UH lo haye received only a paasing notice till exhibited in the 

Bntiflo Loan Collection of the past Eammer (18T6). by Mr Faulkner of 

bneheBter. They are conetructed hy enclosing an ordiaary electron lognet 
•'■Oooeasive stages during the winding iu an iron tube. Each iron tube 
wa he legSJ^ted as pait of the core removed from the central portion, the 
BAUtioD of tbe central portion on it being tbne wenjiened. Thia weakened 
adnetion is found more than to counteract the absence (and indeed reversal) 
I tlie field duo to that portion of the coil which in building up the njognet 
I placed within the tube, which acquires a strong polarity in tbe bum 
diraotiuii as the core owing to the field of thuse uoilB 'v^di'lMt >5i^rai^' 



v^^l^l 
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Fig. 85. 



(I 




Hence the whole nuiaber of lines of force within A 

= 47rWjtj-4. 

But B includes all A'a lines of force and no more (neg- 
lecting the distribution on the ends of u4). 

Hence the number' of lines of force included by B 

and the effective strength of the current in B is InJ-^, where 
/ is the length of B. 

Hence the potential of ^ on 5 

when 3f is the coefficient of mutual induction. 

Hence M = isirln^n^A, 

Cob. 1. To find the coefficient of self-induction of A^ 
we must make B and A coincide, and divide by 2 the 
resulting value of if. (Art. 250.) 

Hence X = 27rln^A, 

Cor. 2. If A have an iron core of area C, the number 
of lines of force enclosed by A becomes 

iirnj^^ {A + 4}7rk C) ; 

hence the coefficient of mutual induction 

M = ^Trn.nj, {A + iirk C), 

and the coefficient of self-induction 

i=27rn'i(^A-v4irfcG^. 
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289. Galvanometers, These instruments generally con- 
sist of a coil of wire carrying the current to be measured, and 
a magnet needle suspended near the centre of the coil, the 
movements of the magnet in the electromagnetic field made 
by the coil giving the means of measuring the current 
strength. 

The first thing we require to determine is the strength 
of the field at the place where the magnet is suspended, 
and if the galvanometer is to give absolute measurement^ 
the strength of the field near the needle must be as uniform 
as possible. In all cases of a magnetic field due to a current, 
the strength of the field is directly proportional to the ' . 
current-strength, and knowing the strength of the field with 
unit current we can at once compute it with any current. ' 
This strength of field near the magnet due to unit current 
i9 called the ' Galvanometer constant,' and we shall denote 
it by the symbol F, 

290. Prop. Xin. To find the Galvanometer constant for a 
galvanometer consisting of a few turns of wire in the form of a 
circle the needle being suspended at its centre. 

If a be the average radius of the wire, and n the number 
of turns, the strength of field with a current i is shown (Art. . 
284) to be 

JLTrni 

at the centre of the coil. 

Hence if i be unity the strength becomes 

a 

The objection to this form of galvanometer lies in the 
fact that the field near the centre is not uniform. 

291. We have already shown that a sensibly uniform 
field may be produced by coiling the wire in the form of 
a long helix. In this case, however, it is impossible to 
observe the movements of a needle suspended inside it. 
Arrangements have been made consisting of two or three 
parallel circles having the needle s\isi^^iide^«^\xi^s3L^^»^%a^^^ 
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lietween tbem. By this means, originally due to Helmlvl 
a field of great uniformity may lie produced. To c ' 
tbe etrength we should use the formula of Art. 284, si 
the strengths, due to each circle. This condition i 
nearly satisfied by the mirror galvanometer cousidei 
the next Article. 

292. The coil of Thomson's Mirror Galvanoraeterfl 

Bista of a solid cylinder of wire surrounding a central Cyl^ 
in which the magnet and mirror swing. 

Fig. 86. 




Suppose the figure to show a section of the galvancR 
and M the position of tbe mirror and magnet. 

The coil ABCD, A'B'C'S' may be regarded as a ntu 
of coaxial helices, the end of one of which is reprea* 
in section by PQ, P'Q'. If there be n thickness 
to a unit of length the strength of current in PQ = 
to unit current in the wire. 

Hence the strength of field at M due to the elemei 
helix 

= iTmPQcos^, (Art. 28G) 
■where f=Qir^. 

where 2c = the thickness of the coil. 
But TQ : QB :: QM : QU; 

, FQ _QR_PQ+QIt _ ( Pg + QJ i\,1 

•• gjf QN qM + QN~ ^\ ~ QM+QHr^ 

= )og(eM+ qS)-V,<i,{I!UJ^PN); 
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therefore adding these successive differences, the strength of 
the field at -Jf or 

r = ^irnc {log {CM + CN) - log [AM^- AN)} 

^. , CM+CN 
fc= 47rnc log -rr^ — ;nn- 
^AM+AN 

Cor. 1. If r be the galvanometer constant, the 
strength of the field near the magnet will be Ti when a 
current i circulates in it, and if we substitute Ti for H the 
previous propositions about magnet motion are applicable. 

Cor. 2. If the plane of the galvanometer coil AB be 
the plane of the meridian the strength of the current lyill 
be proportional to the tangent of the deflection of the 



magnet. 



Fig. 87, 



Tim < 




Let CD be the magnet, and let the strength of each 
pole be m. Also let H be the earths horizontal force. 

The forces acting on the poles will be ± Em parallel to 
the magnetic meridian due to the Earth's magnetism, and 
Tim perpendicular to the meridian d\x^ \.o ^Xi"^ ^O^Xa^^ ^^^ 
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Hence taking moments about 0, we have, if S be tBe 
deviation AOD, 

Tim. CD cosS ^Hm. CD sin S; 

This form of galvanometer is called a Tangent Galvano- 
meter, 

Cor. 3. If the coil be movable about a vertical axis, 
and be turned round so that the magnet is in the plane 
of the coil, the current-strength is proportional to the sine 
of the deflection. For using the same notation as before 
and taking moments about 0, 

Fig. 88. 




Tim. CD = IIm. CDsinS; 

• ^ ' s> 
/. * = p sin 6. 

This form of the instrument is called a Sine Galvano- 
meter. ' 

293. Prop. XIV. To find the throw of a galvanometer needle 
owing to the passage of an instantaneous electric disduucjg^ 
tbrongh-it \. • 
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If the strength of current at any instant be {, and last 
for a short interval t, we have by Art. 273 

3f being the moment of inertia of the magnet, Fa the strength 
of the field, and G the moment of the magnet. 

But tV = J the quantity transmitted ; 

/. M(co'^co)=GTq, 

We assume that the discharge takes place so rapidly 
that the magnet does not move sensibly from its position 
of rest while the current lasts. Hence the field will during 
the whole discharge be perpendicular to the magnet. lu 
this case we can add both sides of the last equation, during 
the whole discharge, and we have, if eo^ be the impulsive 
angular velocity and Q the quantity transmitted, 

Mco.^GTQ. 

But by Art. 278 if an angular velocity (o^ be imparted 
to the magnet, and if a be the throw of the needle. 






/. GTQ = 2sm^jHGM, 

or Q = 2 p >^ -^ . sm - • 

If rbe the time of a single vibration of the needle under 
the Earth's magnetism, 

T-'^sJ^\ (Art. 279) 

^^'lE T .a 
/. V - -pT .- . sm 2 • 

If the constants H, F, 2' are known this equation gives 
us a means of measuring any electrical accumulation. lu 
practice, however, it is usual to have condensers of known 
capacity, which can be charged \)y a \i»X»\»^T^ Vi ^^^v^rt^n^. 
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296. Prop. XVu. To ezplaiii the action of Thomson's electric 
current accumulator. 

This consists essentially of a circular plate revolving 
about an axis parallel to lines of magnetic force. The plate 
at one point makes contact with a fixed spring or mercury 
cup as r, and the circuit is completed by wires TA^ AR^ BG, 
BG being forked so as to make contact with the axis G 
without interfering with the rotation of the plate. 

Fig. 89. 




If the plate be rotated in the direction of the arrow, and 
the lines of force be downwards, the induced current will be 
in direction GTAB round the closed circuit. The motion, 
of CT clearly opposes the electromagnetic repulsion, between 
the parallel and opposite currents CT, AB, This motion 
will therefore constantly tend to strengthen the induced 
current. 

Let CT turn through an angle in time r so that 

6 

- = 0), the angular velocity of the plate, and let a be the 

T 

radius, the area traced out by the moving conductor CT is 

The strength of the field is made up of H the magnetic 

2i 
strength, and — the strength of the field due to the electro- 

c 

magnetic action of AB, i being the current-strength, and c 
the distance BC (Art. 282). 
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Hence the electromotive force in the circuit CArt. 255, 
Cor. 2) 

Then, as in Art. 255, the equation for the current will be 

^-hen i? is the whole resistance, and % the current-strength 
t the end of the small interval t. 

The case of special interest is when H= 0, supposing 
hat after the current has reached a certain value i^ the 
lagnetic field is reduced to zero. For this case 



a^co 



i\=^Ei'T + 2L{(i'-%)i 



... f«^-i2V = 2i*^' = 2ilogC 
\ c J I % 

= 2i(logi'-logi). 

If Iq be the initial value, and i the value after a time 
we have on summation 

a'co — Re ^ c> r 1 * 

. ^ = 2X/ log -r , 

C "^ to 

or i = Iq€ 2X0 j 

Rc 
hich shows that if o) > — 5- , the current goes on constantly 

icreasing in compound interest ratio^ 
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297. Prop. XVIIL To find the value of the velocity wliicti 
determines the ratio between the different electrical nnita is 
electrostatic and electromagnetic measure. 

Vk'e have showni in tlip previous chapter that this ratio 
ia a velocity which will be independent of anj system rf - 
fundamental units a^Iopted. , 

Of the numerous methods which have been employeSy 
we give two, the principles of which will be easily under-- 
stood. 

Method 1. To compare directly the charge of a con- 
denser in electrostatic and electromagnetic measui'e. 

Let a condenser be constructed of such material and 
form, that its capacity can easily be calculated in electro^ 
static measure. By means of a hatteiy this condenser caB 
be charged to a potential, which can be measured by aa 
electrometer in absolute electrostatic measura Tlie quantity 
in electrostatic measure, if represent the capacity, ani 
V the potential, is given by 

Q = ov (1). 

Discharge the same condenser through a galvanometw. 
Then by Art. 293, if Q be its charge in electromi^etie 



then by Art. 266, = 



V, and the value of v becomes i 



298. Method 2, To compute the value o 
a resistance. 

We have shown in Chapter IX. that in electromaj 
measure resistance is of the same order as a velocil^ 
we defined the ohm as a velocity of 10' cm. per secom 

This method, due to Professor Clerk Maxwell, i 
the use of a battery of very high electromotive for 
a set of high resistances. 
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Two brass plates are placed so that one is moveable, and 
are kept at a certain difference of potential; there is in con- 
sequence an electrostatic attraction between them. On 
the back of, each of these plates is coiled a wire, so that 
the battery-current goes in the two wires in opposite direc- 
tions; there will then be an electromagnetic repulsion be- 
tween these currents. 

The method consists in so adjusting the resistance and 
distance of the plates that this attraction and repulsion 
shall balance each other. 

Fig. 90. 




Let A, A' be the discs, B the battery, and G the large 
resistance. The current from the battery goes through the 
two coils oo A, A' and through the large resistance in C, 
Hence if -E be the difference of potential at the extremities 
of C in electromagnetic measure, the current-strength is 
given by 

Hence the repulsion between the two discs will be 

Ki* or * (-g) , 

where k depends on the geometry of the coils, and can only 
be computed by approximate methods. 

To bring the brass plates to a difference of potential, 
they are connected with the terminala ot fJ. T!\i\& $iL>JSsi^^3^^<^ 
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is then in oleclromagnetic measure E, and therefore infl 
trostatic measure — (Art. 2GG). 

"We have shown (Art. 88) tliat the attraction bet^ 
the plates will be 

when a = the radius of each plate, and b = the disi 
between them. 

Hence when the adjustments are completed, 
E'.a* ^ £*. 
Sv'b* "R"' 



2j2«.b ' 

which gives v in terms of E, and R being measured in 6 
can be at once convened into velocity on ujultiplyinj 

A complete account of this method, which is dii^ 
Prof. Clerk Maxwell, together with the various adjustift 
required in practice, will be found in Fhil. Trans, for IS 

299. The results obtained by these and other m^ 
give numerical results not very discordant, varying beW 
582 and 310 milUon metres per second, the mean V 
nearly 300 million metres per aecoiid. The remarkable a 
ment between this velocity, and the various determine^ 
of the velocity of light (which varies with different d\3sa. 
between 298 and 311 million metres per second), poii^ 
an intimate connection between the phenomena of eloj 
magnetism and hght. Prof. Clerk Maxwell has develop? 
theory of light endeavouring to show on mechanical | 
ciples that the medium through which eleotroma^ 
iictions take place may be identical with the tether i 
transmits the vibrations of light. 
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Examples on Chapter X. 

1. Show that the Moment of Inertia of a thin circular 
wire about an axis through its centre and perpendicular to 
its plane is Ma^, where M is its mass and a its radius. De- 
duce the Moment of Inertia of a broad- circular annulus about 
an axis perpendicular to its plane through its centre, 

Ans. \m{d? -{r 6?), where 7n/= the mass, and a, h the ex-^ 
ternal and internal radii. (Cf. Chap. I. Ex. 36.) 

2. Find the Moment of Inertia of a thin straight bar 
about an axis through one extremity. 

Ans. I m P, where m is the mass and I the length. 

3. Find the Moment of Inertia of the same rod about 
its middle point. Ans. ^ m Z*. 

4. Show that the oscillations under gravity of a bar 
fr<eely suspended by its end will' be synchronous with those of 
a fine string two-thirds the* length, having a particle* at its 
extremity whose mass is equal to that of the bar. 

5. A magnet A is placed so that its axis, produced, 
bisects at right angles the axis of another magnet B, the 
iiistance between their centres being great compared to their 
lengths.. Make an approximation. to the couple produced by 
A on B, and that produced by B on A, 

^ . Saamm 4<aamm' , c^ c^ i ^^ ^ j.-i 

Ans* 3 — , 3 , where 2a, 2a are the lengths 

' c c 

■ ' of ^ and jB, c the distance between their centres, and 

mm' their magnetisms. 

6. A long magnet acts on a small compass-needle placed 
on its axis. Find the error produced by it on the compass 

' in different directions of the disturbing magnet. 

i 7. A long magnet acts on a small compass-needle 

' * placed in the line bisecting its axis at right angles. Find 
the error produced by it on the compass for different direc- 
tions of the disturbing magnet. 

8. One end of a magnet is prolonged by a thin stem of 
gumlac which carries a small pith-ball, iii^ o\3tv.et ^\A Vw\a% 

VI— '^ 



a countei'poise. An equal ball is bo fixed that the two are 
just in contact wLen the magnet is iu the meridian. The 
two balls are electrified to a potential V, and tbe magnet 
18 observed to be deflected through an angle 2a ; show ihat 
K* varies nearly as (sin a)'. 

9. A hole is pierced in a card through which passes a 
straight wire carrying a current. Iron filings are sprinkleJ 
over the card, snd the card gently tapped. Find the form 
assumed by the iron filings, 

10. If a magnet be placed anywhere in the magnetto 
field due to a etraight current, show that the maguet has no 
tendency to rotate, aa a whole, round tbe current. 

11. Deduce the principles which guide us in experi- 
ments on the rotation of a magnet round a current, and a 
current round a magnet 

12. In tbe experiment of the last question, show that tbe 
whole amount of work spent in each rotation of the magnet 
pole round the current or vice versa is irrrmi, where m'lS 
the strength of the pole and i the current-strength in the 
conductor, whoso length is supposed to be infinite. 

13. A magnet is suspended in a horizontal plane so as' 
to be free to move about its south pole_. and a vertical cunent 
is approached towards it. 

(i) The conductor being outside the circle described by ( 
the north pole, show that the north pole will be driven Iq* 
the current to rotate in opposite directions through port;(^ 
of tbe circumference boimded by tangents to the circle Ironi' 
tbe intersection of the conductor with the plane. 

(ii) The conductor being within the same circle, tKs ^ 
direction of movement of the north pole will be in all parU 
of the circumference the same, 

(iii) The conductor being on the circumference of flft' 
circle, show that the rotation will be always in tbe 
direction. 



(iv) Show that no permanent rotation of tbe 
1 be produced by this means. 



be smW I 
e m8£U|J 
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14. A magnet N8 is supported at its middle point, and 
a conductor carrying a downward current cuts the horizontal 
plane at 0. 

(i) A circle is drawn about the triangle 0N8, and a 

diameter drawn through 0. From N, 8 perpendiculars iVa-, 

8b are drawn on to this diameter. Show that in all 

►positions the moment of the forces on the magnet turning 

its north pole in a direction right-handed to the conductor is 

Gi 

G being the moment of the magnet, and the plus sign being 
employed when the perpendiculars fall on the same side of 
the diameter, 

(ii) If the conductor cut the circumference of the circle 
of which the magnet is a diameter, there is no tendency to 
rotate the magnet. 

(iii) If the conductor be outside the circle, the direction 
of rotation is governed by that of the more remote pole. 

(iv) If the conductor be within the circle, the direction 
of rotation is governed by that of the nearer pole. 

(v) If the conductor be placed on the line bisecting the 
magnet at right angles, the rotative force will be nil. 

(vi) If the field be divided by the circle of which the 
magnet is the diameter, by the magnetic axis produced, and by 
a line bisecting it at right angles ; show that on crossing any 
of these lines if on one side the current appear to attract the 
magnet, on the opposite side it appears to repel it. 

(vii) Draw a diagram showing in what positions the 
conductor appears to attract the magnet, and in what positions 
it appears to repel it. 

15. Show that in measuring a current by a sine galva- 
nometer if the current be stronger than a certain limit, 
it will be necessary to shunt the current before measuring it. 

16. If a tangent galvanometer be arranged so that 
it can also be used as a sine galvanometer, show that any 
current producing more than 455** defi^&c;\»\oxi m \Xx^ \xis»\x.\iss^<ev>^»^ 
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when used as a. tangent galvanometer, must be sbttl 
before being measured by it as a sine galvanometer. 

17. In Helmholtz's arrangement for a tangent g 

meter, show that the greatest degree of constancy of n 
field along the axis near the magnet will be ' ' 
distaoce between the coils is equal to the radius of { 
coil, 

18. Show that in the galvanometer of the last qaea 
the galvanometer-coQHtant is given by P = - 
is the radius of the coil 



5^5.0 



19. A finite wire carrying a current is perpendj 
to and on one side of an infinite wire also carrying a c 
Find the mi^nitude and direction of the force exert 
the latter upon the former wire. 



, where ! 



! the curreEt-streni 



Ans. 2ii log ^ , 

and Wj, y, the distances of the ends of the finite i 
infinite wire. The direction will be parallel to the t 
in the infinite wire when the current in the perpendi 
wire is away from it. 

20. If the length of a helix be forty times its dial 
show that the strength of the magnetic field withia i1 

about one-thousandth part through ^ of its length. 

21. A helix A is placed with its axis perpendicul 
the meridian, and a short magnet B is suspended ait 
on its axis produced, the magnet being deflected 1 
meridian by a current in the helix. Another magi 
is now placed with its axis along the axis of tl 
produced and moved about till B is again in the n 

If 21' be the length, and ff the moment of C, 
length, and Ai the moment of A (i being current-streiu 
t[' and a the distances of the- middle points of A andOfl 
the suspension of B, then show that 



G ( 



1 



1 



J-' /(■«'- i'j' {a + O'l i V^ - if (fl + O'J 



\ 



PROBLEMS IN MAGNETISM. 265 

22. In any electromagnetic engine in which the motive 
power consists in alternate attractions and repulsions of elec- 
tromagnets, the greatest amount of external work is obtained 
when, by setting the engine in motion, the current is di- 
minished by one half. 

Let mf "be the average magnetism of the electromagnets when the 
machine is in motion : 

/i' the mean power of attraction acting on the moving magnet. This 
win be proportional to m'^ supposing the same current in both electro- 
magnets : 

i' the average current-strength. 

Let also m, fi^ i denote the same quantities when the engine is at rest : 

r be the rate of motion of the electromagnets : 

p be the number of turns of wire in the electromagnet which may or 
may not have an iron core : 

a be a constant such that aj3 ia the strength €>f the electromagnetic 
pole for a unit current. 

r be the total resistance in the circuit, 

and E be the electromotive force. 

Then we have the following relations : 

By Art, 287,. m'=a^i'.^ (1), 

and m=api (2). 

By Art. 255, i^=t-i'=—L. — = ci_ (3)^ 

when ib is a constant depending on the particular form of engine. 

By Ohm's Law t=- (4). 

By (3) and (4) ^'=,17^ • 

„ , aEB - aEB + mfv 

Again, the work obtained from the engine per second will be measured 
by fi'v, or 



01 



W f aE^ Y _ {aEP''m'r)mf 



it is easily seen by Algebra that the denominator of the first expression 
is the least possible when 



_ r 
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aad that the nmnerator of the eecond is the greatest ^possible when 

these both correspond to the greatest possible value of TT, the work done. 

Bnt when the machine is at rest, 

OT=o/3t by (2) 

.*. «i'=Jm, and t'=5i, 

or the work is the greatest possible when the current and magnetism of ihe 
electromagnets are reduced by the motion to half the corresponding quanti- 
ties when the machine is at rest. (Wiedemann.) 

23. If an amount of work W is obtained from any elec- 
tro-magnetic arrangement without a falling off of current- 
strength, show that the battery must yield an extra amount 
of energy measured by 2 W, 

24. Deduce the propositions of Arts. 283 — 286 by sub- 
stituting for each simple voltaic circle a plane magnetic 
shell, and applying to the magnetisms on its opposite faces 
the propositions of Art. 31 and Chap. Ii. Ex. 7. 
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